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FINITENESS THEOREM ON BLOW-SEMIALGEBRAIC TRIVIALITY
FOR A FAMILY OF 3-DIMENSIONAL ALGEBRAIC SETS
SATOSHI KOIKE
Abstract. In this paper we introduce the notion of “Blow-semialgebraic triviality con-
sistent with a compatible filtration” for an algebraic family of algebraic sets, as an eq-
uisingularity for real algebraic singularities. Given an algebraic family of 3-dimensional
algebraic sets defined over a nonsingular algebraic variety, we show that there is a finite
subdivision of the parameter algebraic set into connected Nash manifolds over which the
family admits a Blow-semialgebraic trivialisation consistent with a compatible filtration.
We show a similar result on finiteness also for a Nash family of 3-dimensional Nash sets
through the Artin-Mazur theorem. As a corollary of the arguments in their proofs, we
have a finiteness theorem on semialgebraic types of polynomial mappings from R2 to Rp.
Consider a family of zero-sets of Nash mappings ft : N → R
k defined over a compact
Nash manifold N (or a family of zero-sets of Nash map-germs ft : (R
n, 0) → (Rk, 0))
with a semialgebraic parameter space J . Define F : N × J → Rk by F (x; t) = ft(x).
Assume that F is a Nash mapping. For a subset Q ⊂ J , set FQ = F |N×Q. Then it is
known that in the regular case a finiteness theorem holds on Nash triviality for a family
of Nash sets {(N, f−1t (0))}t∈J (M. Coste - M. Shiota [10]). More precisely, if each f
−1
t (0)
does not contain a singular point of ft, then there is a finite partition of J into Nash
manifolds Qi such that {(N, f
−1
t (0))}t∈Qi is Nash trivial over each Qi. On the other hand,
in the case of isolated singularities a finiteness theorem holds on Blow-Nash triviality for
{(N, f−1t (0))}t∈J (T. Fukui - S. Koike - M. Shiota [14], S. Koike [22]). Blow-Nash triviality
is a notion introduced by the author [21, 14, 22], motivated by the work of Tzee-Char Kuo
on blow-analyticity. He establishes a locally finite classification theorem on blow-analytic
equivalence for a family of analytic function germs with isolated singularities ([24]). In
our Nash case, we have some result also for non-isolated singularities ([22]). Namely, a
finiteness theorem holds on Blow-semialgebraic triviality for a family of 2-dimensional
Nash sets {(N, f−1t (0))}t∈J if the dimension of N is 3 (or n = 3). The results mentioned
above for Nash sets are listed in the table of [23].
The finiteness results above are proved for a family of zero-sets of Nash mappings
defined over a compact Nash manifold possibly with boundary. Therefore the local case
is covered with the “compact” and “with boundary” case. In this paper we treat all the
finiteness results in the general case including also the non-compact case. Namely, N is
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a Nash manifold, not necessarily compact. Let us remark that the local case is covered
with the non-compact case.
The first result in this paper is a Nash Isotopy Lemma for finiteness property without
the assumption of properness, and we improve the finiteness theorems on the existence of
Nash trivial simultaneous resolution and on Blow-Nash triviality to those in the general
case using the new Isotopy Lemma. We second give a programme to show finiteness on
Blow-semialgebraic triviality in the general case. Then we show a finiteness theorem on
Blow-semialgebraic triviality for a family of 2-dimensional Nash sets in the case where
the dimension N is bigger than 3. As a result, our list in [23] is much more enriched. We
give the improved list (table (*)) in §4. The main purpose in this paper is to show the
theorem below, that is, a finiteness theorem on Blow-semialgebraic triviality consistent
with a compatible filtration for a family of 3-dimensional algebraic sets. For the definition
of the new Blow-semialgebraic triviality, see subsection 1.4.
Let N be an affine nonsingular algebraic variety in Rm, and let J be an algebraic set
in Ra. Let ft : N → Rk (t ∈ J) be a polynomial mapping such that dim f
−1
t (0) ≤ 3 for
t ∈ J . Assume that F is a polynomial mapping, i.e. F is the restriction of a polynomial
mapping F˜ : Rm × Ra → Rk to N × J . Then we have
Main Theorem. There exists a finite partition J = Q1 ∪ · · · ∪ Qu which satisfies the
following conditions:
(1) Each Qi is a Nash manifold which is Nash diffeomorphic to an open simplex in
some Euclidean space, and dim f−1t (0) and dim f
−1
t (0) ∩ S(ft) are constant over Qi.
(2) For each i where dim f−1t (0) = 3 and dim f
−1
t (0)∩S(ft) ≥ 1 over Qi, F
−1
Qi
(0) admits
a Blow-semialgebraic trivialisation consistent with a compatible filtration along Qi.
In the case where dim f−1t (0) ≤ 2 over Qi or dim f
−1
t (0) ∩ S(ft) ≤ 0 over Qi, (N ×
Qi, F
−1
Qi
(0)) admits a trivialisation listed in table (*).
Throughout this paper, S(f) denotes the singular points set of f for a Nash mapping
f : N → P .
When we show a Blow-semialgebraic triviality for a family of algebraic sets or Nash
sets, the desingularisation theorem for an algebraic variety or a Nash variety (H. Hironaka
[17, 19], E. Bierstone and P.D. Milman [6, 7, 8]) and the semialgebraic versions of Thom’s
Isotopy Lemmas (M. Shiota [35]) take very important roles in their proof. But the 2nd
Isotopy Lemma is not applicable directly to a family of resolution maps, since a blow up is a
typical example of a non-Thom map. The crucial point is how we establish a semialgebraic
trivialisation for a family of the restrictions of resolution maps to the exceptional sets.
In the case of Nash surfaces, the image of the restriction map is generically at most one-
dimensional semialgebraic set. Therefore we could show a finiteness theorem in [22], using
the methods developed by T. Fukuda in [11, 12]. In the case of 3-dimensional algebraic
sets, after being desingularised the intersection of the strict transform of the algebraic
set and the exceptional set is generically a union of normal crossing nonsingular algebraic
surfaces. In this paper, to overcome the crucial point, we apply C. Sabbah’s arguments
discussed in the work [32] on “sans e´clatement” stratified analytic morphisms based on the
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flattening theorem of Hironaka [18, 20] and in the work [31] on a local finiteness theorem
for complex analytic mappings defined over a complex surface.
We first prepare several notions and some fundamental results on Blow-semialgebraic
triviality in §1, and describe the aforementioned Nash Isotopy Lemma for finiteness prop-
erty (Theorem I) in §2. Then we describe the programme in §3 to show finiteness on
Blow-semialgebraic triviality, which is applicable also in the non-compact case. A part
of the ideas of the programme is used in [22] to show some finiteness theorems in the
compact case. Here we divide our programme into eight processes. In order to establish
finiteness theorems on Blow-semialgebraic triviality with our method, it suffices to show
only Process IV related to the above crucial point, as the other processes always work.
Therefore we believe that it is natural to describe our method as a programme in this pa-
per. As corollaries of the programme, we have two finiteness theorems (Theorems III, IV)
in §4. In §5 we show a finiteness theorem for a family of the main parts of 3-dimensional
algebraic sets following our programme. Here the main part of an algebraic set V means
the set of points x ∈ V at which the local dimension of V at x equals to the dimension
of V . Using the result shown in §5 and results listed in table (*), we give a proof of our
main theorem in §6. In §7 we give a finiteness theorem on Blow-semialgebraic trivial-
ity consistent with a Nash compatible filtration for a family of 3-dimensional Nash sets,
corresponding to the algebraic result above. In §8 we describe a finiteness theorem on
semialgebraic types of polynomial mappings from R2 to Rp.
The first draft of this paper was written up while the author was visiting the University
of Sydney. He would like to thank the institution for its support and hospitality. He
would also like to thank Karim Bekka, Takuo Fukuda, Shuzo Izumi, Tzee-Char Kuo and
Masahiro Shiota for useful communications, and to Yeh Yu Chen for her encouragement.
1. Preliminaries.
1.1. Semialgebraic properties. A semialgebraic set of Rn is a finite union of the form
{x ∈ Rn | f1(x) = · · · = fk(x) = 0, g1(x) > 0, · · · gs(x) > 0}
where f1, · · · , fk, g1, · · · , gs are polynomial functions on R
n. A Cω submanifold of Rm is
called a Nash manifold, if it is semialgebraic in Rm. In this paper, a submanifold always
means a regular submanifold. Let M ⊂ Rm and N ⊂ Rn be Nash manifolds. A Cω
mapping f : M → N is called a Nash mapping, if the graph of f is semialgebraic in
Rm × Rn. We call the zero-set of a Nash mapping a Nash set.
Let Q ⊂ Rm. We say that Q is a Nash open simplex, if it is a Nash manifold which is
Nash diffeomorphic to an open simplex in some Euclidean space.
For r = 1, 2, · · · ,∞, we can define the notions of a Cr Nash manifold, a Cr Nash
mapping and a Cr Nash open simplex similarly. By B. Malgrange [28], a C∞ Nash
manifold is a Nash manifold and a C∞ Nash mapping between Nash manifolds is a Nash
mapping.
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Theorem 1.1. (Tarski-Seidenberg Theorem [33]). Let A be a semialgebraic set in Rk,
and let f : Rk → Rm be a semialgebraic mapping, namely, the graph of f is semialgebraic
in Rk × Rm. Then f(A) is semialgebraic in Rm.
Theorem 1.2. (Lojasiewicz’s Semialgebraic Triangulation Theorem [26, 27]). Given a
finite system of bounded semialgebraic sets Xα in R
n, there exist a simplicial decomposition
Rn = ∪aCa and a semialgebraic automorphism τ of Rn such that
(1) each Xα is a finite union of some of the τ(Ca),
(2) τ(Ca) is a Nash manifold in R
n and τ induces a Nash diffeomorphism Ca → τ(Ca),
for every a.
Concerning the triangulation theorem above, we make an important remark. We use
the fact also in the proof of the Nash Isotopy Lemma in the next section.
Remark 1.3. In Theorem 1.2 the boundedness is not essential. Since there is a Nash em-
bedding of Rn into Rn+1 via Rn ⊂ Sn, every semialgebraic subset in Rn can be considered
as a bounded semialgebraic subset in Rn+1.
Theorem 1.4. (Hardt’s Semialgebraic Triviality Theorem [16]). Let B be a semialgebraic
set, and let Π : Rm × B → B be the projection. For any semialgebraic subset X of
Rm × B, there is a finite partition of B into semialgebraic sets Ni, and for any i, there
are a semialgebraic set Fi ⊂ R
m and a semialgebraic homeomorphism
hi : Fi ×Ni → X ∩ Π
−1(Ni)
compatible with the projection onto Ni.
1.2. Stratification. We recall the notions of the Whitney stratification and the Thom
mapping briefly in the C2 Nash category. See [15, 29, 36, 37, 38, 39, 40] for the definitions
of the Whitney (b)-regularity and the Thom (af)-regularity.
Let A ⊂ Rm be a semialgebraic set. We say that a C2-Nash stratification S(A) of A
is a Whitney stratification, if for any strata X, Y with X ⊃ Y, X is Whitney (b)-regular
over Y .
Let A ⊂ Rm and B ⊂ Rr be semialgebraic sets, and let f : A→ B be a C2-Nash map-
ping. Assume that A and B admit C2-Nash stratifications S(A) and S(B), respectively.
We call f a stratified mapping, if for any stratum X ∈ S(A), there is a stratum U ∈ S(B)
such that f |X : X → U is a (onto) submersion.
Let f : (A,S(A)) → (B,S(B)) be a C2-Nash stratified mapping. We call f a Thom
mapping, if for any strata X, Y of S(A) with X ⊃ Y, X is Thom (af)-regular over Y .
1.3. Nash trivial simultaneous resolution. Let M,U be Nash manifolds, and let V
be a Nash set of U . Let Π : M → U be a proper Nash modification. We say that Π is a
Nash resolution of V in U , if there is a finite sequence of blowings-up σj+1 : Mj+1 → Mj
with smooth centres Cj (where σj ,Mj and Cj are of Nash class) such that:
(1) Π is the composite of σj ’s.
(2) The critical set of Π is a union of Nash divisors D1, · · · , Dd.
(3) V ′ (: the strict transform of V in M by Π) is a Nash submanifold of M .
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(4) V ′, D1, · · · , Dd simultaneously have only normal crossings.
(5) There is a thin Nash set T in V so that Π|Π−1(V−T ) : Π
−1(V − T ) → V − T is a
Nash isomorphism.
Concerning a Nash resolution, we have the following existence theorem.
Theorem 1.5. (H. Hironaka [17, 19], E. Bierstone and P.D. Milman [6, 7, 8]). For a Nash
variety V of a Nash manifold U , there exists a Nash resolution of V in U , Π :M → U .
Let M,U , I be Nash manifolds, and let V be a Nash set of U . Let Π : M → U
be a proper Nash modification, and let q : U → I be an onto Nash submersion. For
t ∈ I, we set Ut = q−1(t), Vt = V ∩ Ut and Mt = (q ◦ Π)−1(t). We say that Π gives a
Nash simultaneous resolution of V in U over I, if there is a finite sequence of blowings-up
σ˜j+1 :Mj+1 →Mj with smooth centres C˜j (where σ˜j ,Mj and C˜j are of Nash class) such
that:
(1) Π is the composite of σ˜j ’s.
(2) The critical set of Π is a union of Nash divisors D1, · · · ,Dd.
(3) V ′ (: the strict transform of V in M by Π) is a Nash submanifold of M.
(4) V ′,D1, · · · ,Dd simultaneously have normal crossings. The restrictions
q ◦ Π|V ′ : V ′ → I,
q ◦ Π|Dj1∩···∩Djs : Dj1 ∩ · · · ∩ Djs → I,
q ◦ Π|V ′∩Dj1∩···∩Djs : V
′ ∩ Dj1 ∩ · · · ∩ Djs → I (1 ≤ j1 < · · · < js ≤ d)
are onto submersions.
(5) There is a thin Nash set T in V so that T ∩Vt is a thin set in Vt for each t ∈ I, and
that Π|Π−1(V−T ) : Π
−1(V − T )→ V − T is a Nash isomorphism.
Let Π : M→ U be a Nash simultaneous resolution of a Nash variety V = {F = 0} in
U over I, and let t0 ∈ I. We say that Π gives a Nash trivial simultaneous resolution of V
in U over I, if there is a Nash diffeomorphism φ :M→Mt0 × I such that
(1) (q ◦ Π) ◦ φ−1 :Mt0 × I → I is the natural projection,
(2) φ(V ′) = V ′t0 × I, φ(Dj1 ∩ · · · ∩ Djs) = (Dj1,t0 ∩ · · · ∩Djs,t0)× I and
φ(V ′ ∩ Dj1 ∩ · · · ∩ Djs) = (V
′
t0
∩Dj1,t0 ∩ · · · ∩Djs,t0)× I (1 ≤ j1 < · · · < js ≤ d).
1.4. Blow-Nash triviality and Blow-semialgebraic triviality. Let N and Q be Nash
manifolds, and let F : N ×Q→ Rk be a Nash mapping.
Let Π : M → N × Q be a Nash trivial simultaneous resolution of F−1(0) in N × Q
over Q. We say that (N ×Q,F−1(0)) admits a Π-Blow-Nash trivialisation along Q, if the
Nash trivialisation upstairs induces a semialgebraic one of (N ×Q,F−1(0)) over Q.
Let Π :M→ N×Q be a Nash simultaneous resolution of F−1(0) in N×Q over Q. We
say that (N ×Q,F−1(0)) admits a Π-Blow-semialgebraic trivialisation along Q, if there is
a t-level preserving semialgebraic homeomorphism upstairs which induces a semialgebraic
one of (N × Q,F−1(0)) over Q. We denote by V ′ be the strict transform of V = F−1(0)
by Π, and by MV the main part of V , that is, the set of points x ∈ V such that the local
dimension of V at x equals to the dimension of V . We further say that MV admits a
Π-Blow-semialgebraic trivialisation along Q, if there is a semialgebraic trivialisation of V ′
upstairs which induces a semialgebraic one of MV over Q.
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1.5. Blow-semialgebraic triviality consistent with a compatible filtration. Let
N be a nonsingular algebraic variety, let Q be a Nash manifold, and let F : N ×Q→ Rk
be a polynomial mapping. Set V = F−1(0). Let V = V (0) ⊃ V (1) ⊃ · · · ⊃ V (r) be a
filtration of V by algebraic subsets. We call it a compatible filtration of V , if
(1) dim V (0) > dimV (1) > · · · > dim V (r).
(2) For 0 ≤ j ≤ r − 1, V (j) \
⋃j
i=0MV
(i) is not empty and V (j+1) ⊃ V (j) \
⋃j
i=0MV
(i);
V =
⋃r
i=0MV
(i).
Incidentally we call the above filtration the canonical filtration of V , if each V j+1 is the
Zariski closure of V (j) \
⋃j
i=0MV
(i), 0 ≤ j ≤ r − 1.
Note that
V =MV (0) ∪ (MV (1) \MV (0)) ∪ · · · ∪ (MV (r) \
r−1⋃
j=0
MV (j)).
We say that V admits a Blow-semialgebraic trivialisation consistent with a compatible
filtration along Q, if there is a compatible filtration of V , V = V (0) ⊃ V (1) ⊃ · · · ⊃ V (r),
with the following properties:
There are a t-level preserving semialgebraic homeomorphism σ trivialising V over Q
and an algebraic simultaneous resolutions Π(j) : M(j) → N × Q of V (j) in N × Q over
Q, 0 ≤ j ≤ r, such that MV (j) admits a Π(j)-Blow semialgebraic trivialisation along Q,
σ|MV (0) = σ0 and σ|MV (j)\∪j−1i=0MV (i)
= σj |MV (j)\∪j−1i=0MV (i)
for 1 ≤ j ≤ r. Here σj , 0 ≤
j ≤ r, is the semialgebraic trivialisation ofMV (j) induced by the Π(j)-Blow semialgebraic
trivialisation of MV (j) over Q.
Let N and Q be Nash manifolds, and let F : N × Q → Rk be a Nash mapping. Set
V = F−1(0). Then we can similarly define the notion of a compatible filtration of V in
the Nash category. We call it a Nash compatible filtration of V , and we can define also the
notion of Blow-semialgebraic triviality consistent with a Nash compatible filtration for a
family of Nash sets. In the same way as the Zariski closure, for S ⊂ Rm we can define the
notion of the Nash closure of S as the smallest Nash set in Rm containing S. Therefore
we can define the notion of the Nash canonical filtration of V similarly.
A compatible filtration of an algebraic set is, by definition, a Nash compatible filtration
of it. But the canonical filtration of an algebraic set is not always the Nash canonical
filtration of it (e.g. Example 1.6). We give an example to understand the notions of our
filtrations more clearly.
Example 1.6. Let f : R2 × R→ R be a polynomial function defined by
f(x, y, t) = (x2 + (y2 + t2 − y3)2)(x2 + (y + 1)2 − 1).
Set V = f−1(0). Then V consists of two irreducible algebraic subsets. One is a cylinder
and another is the union of a connected curve and the origin contained in the cylinder.
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Let V (0) = V and V (1) be the Zariski closure of V (0) \MV (0). Then we have V (1) =
(V (0)\MV (0))∪{(0, 0, 0)} and V =MV (0)∪MV (1). Therefore V (0) ⊃ V (1) is the canonical
filtration of V . We consider the section W of V by the plane {t = 0}. Let W (0) =W and
W (1) = V (1) ∩ {t = 0}. Then W (1) = {(0, 0, 0), (0, 1, 0)} and W (0) \MW (0) = {(0, 1, 0)}
is an algebraic subset of W . Therefore W (0) ⊃ W (1) is not the canonical filtration but a
compatible one of W .
Next let V (0) = V and V (1) be the Nash closure of V (0) \ MV (0). Then we have
V (1) = V (0) \ MV (0) and V = MV (0) ∪ MV (1). Therefore V (0) ⊃ V (1) is the Nash
canonical filtration of V . Let W = V ∩ {t = 0} and W (1) = V (1) ∩ {t = 0}. In this case,
W (0) = W ⊃W (1) is still the Nash canonical filtration of W .
2. Nash Isotopy Lemma for finiteness property.
We first recall the Nash Isotopy Lemma proved in [14]. LetM ⊂ Rm be a Nash manifold
possibly with boundary, and let N1, · · · , Nq be Nash submanifolds of M possibly with
boundary which together with N0 = ∂M have normal crossings. Assume that ∂Ni ⊂ N0,
i = 1, · · · , q. Then we have
Theorem 2.1. ([14]). Let ̟ : M → Rp, p > 0, be a proper onto Nash submersion such
that for every 0 ≤ i1 < · · · < is ≤ q, ̟|Ni1∩···∩Nis : Ni1 ∩ · · · ∩ Nis → R
p is a proper onto
submersion (unless Ni1 ∩ · · · ∩Nis = ∅). Then there exists a Nash diffeomorphism
ϕ = (ϕ′, ̟) : (M ;N1, · · · , Nq)→ (M
∗;N∗1 , · · · , N
∗
q )× R
p
such that ϕ|M∗ = id, where Z∗ denotes Z ∩̟−1(0) for a subset Z of M .
Furthermore, if previously given are Nash diffeomorphisms ϕij : NiJ → N
∗
ij
× Rp,
0 ≤ i1 < · · · < ia ≤ q, such that ̟ ◦ ϕ
−1
ij
is the natural projection, and ϕis = ϕit
on Nis ∩ Nit , then we can choose a Nash diffeomorphism ϕ which satisfies ϕ|Nij = ϕij ,
j = 1, · · ·a.
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Remark 2.2. In the theorem above we can replace Rp by a Nash open simplex.
Using the Nash Isotopy Lemma above, we prove finiteness theorems in [14, 22] on the
existence of Nash trivial simultaneous resolution and on Blow-Nash triviality for a family
of zero-sets of Nash mappings defined over a compact Nash manifold or for a family of
Nash set-germs. In this section we show a kind of modified Isotopy Lemma without the
assumption of properness which is applicable to the non-compact case.
LetM ⊂ Rm be a Nash manifold, and let N1, · · · , Nq be Nash submanifolds ofM which
have normal crossings. For our purpose, we may assume that M , N1, · · · , Nq are Nash
manifolds without boundary and N1, · · · , Nq are closed in M . Then we have
Theorem I. Let ̟ : M → Rp, p > 0, be an onto Nash submersion such that for every
1 ≤ i1 < · · · < is ≤ q, ̟|Ni1∩···∩Nis : Ni1 ∩ · · · ∩ Nis → R
p is an onto submersion (unless
Ni1 ∩ · · · ∩ Nis = ∅). Then there is a finite partition of R
p into Nash open simplices Qj,
j = 1, · · · , b, and for any j, there exists a Nash diffeomorphism
ϕj = (ϕ
′
j, ̟j) : (Mj ;N1,j, · · · , Nq,j)→ (M
∗
j ;N
∗
1,j, · · · , N
∗
q,j)×Qj
such that ϕj|M∗j = id where Mj = ̟
−1(Qj), ̟j = ̟|Mj , N1.j = N1∩̟
−1(Qj), · · · , Nq.j =
Nq ∩̟−1(Qj), and Z∗ denotes Z ∩̟
−1
j (P ) for a subset Z of Mj and some point P ∈ Qj .
Thanks to the Semialgebraic Triangulation Theorem, to see our modified Nash Isotopy
Lemma, it suffices to show the following weak form:
Proposition 2.3. Under the same assumption as Theorem I, there is a finite partition
Rp = Q1 ∪ · · · ∪Qb ∪R which satisfies the following conditions:
(1) Each Qj is a Nash open simplex of dim p, and R is a semialgebraic subset of R
p of
dimension less than p.
(2) For each j, 1 ≤ j ≤ b, there exists a Nash diffeomorphism
ϕj = (ϕ
′
j, ̟j) : (Mj ;N1,j, · · · , Nq,j)→ (M
∗
j ;N
∗
1,j, · · · , N
∗
q,j)×Qj
such that ϕj|M∗j = id.
Proof. As a tacit understanding, we are assuming that dimM ≥ p. In the case where
dimM = p, there is a finite partition Rp = Q1 ∪ · · · ∪ Qb into Nash open simplices such
that for 1 ≤ j ≤ b,
̟|̟−1(Qj) : ̟
−1(Qj)→ Qj
is Nash trivial. Incidentally, each restricted mapping is proper. Therefore, from the
beginning we may assume that dimM > p.
Let M ⊂ Rm
′
(where Rm ⊂ Rm
′
) so that M \M is a point and M is bounded. Here
M denotes the closure of M in Rm
′
. Replace M and ̟ by M ′ = graph ̟ and ̟′ :
M ′ → Rp the projection, respectively. Then ̟′ is extended to a semialgebraic mapping
̟′ : M ′ → Rp, and for each y ∈ Rp, (̟′)−1(y) \ ̟′−1(y) is empty or a point. In this
paper a semialgebraic mapping means a continuous mapping whose graph is semialgebraic.
There are a closed semialgebraic subset X of M ′ \M ′ of dim < p and a finite partition
Rp = Q1 ∪ · · · ∪Qb ∪R where R = ̟′(X), which satisfy the following conditions:
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(1) Each Qj is a Nash open simplex of dim p.
(2) If Mˆj = (M ′ \ M
′) ∩ (̟′)−1(Qj) is not empty, then it is a Nash manifold and
̟′|Mˆj : Mˆj → Qj is a Nash diffeomorphism. In addition, if for 1 ≤ i1 < · · · < ia ≤ q,
N ′i1 ∩ · · · ∩N
′
ia
∩ Mˆj 6= ∅, then Mˆj ⊂ N ′i1 ∩ · · · ∩N
′
ia
, where each N ′i is defined similarly
to M ′.
In the case where Mˆj = ∅, by Theorem 2.1, there exists a Nash diffeomorphism
ϕj = (ϕ
′
j, ̟j) : (Mj ;N1,j, · · · , Nq,j)→ (M
∗
j ;N
∗
1,j, · · · , N
∗
q,j)×Qj
such that ϕj |M∗j = id. Therefore we assume Mˆj 6= ∅ after this. Since Qj is a Nash open
simplex of dim p, it is Nash diffeomorphic to Rp. For simplicity, we assume the following:
(1) We regard Qj as R
p.
(2)M ′\M ′ is a Nash manifold, and ̟′|M ′\M ′ :M
′\M ′ → Rp is a Nash diffeomorphism.
(3) For 1 ≤ i1 < · · · < ia ≤ q, if N ′i1 ∩ · · · ∩N
′
ia
∩ (M ′ \M ′) 6= ∅, then M ′ \M ′ ⊂
N ′i1 ∩ · · · ∩N
′
ia
.
Set α(x) = dis (x, (̟′|M ′\M ′)
−1(̟′(x))) for x ∈M ′. Then there is a closed semialgebraic
neighbourhood W of M ′ \M ′ in M ′ with the following properties:
(1) α is C∞ smooth on U =M ′ ∩W .
(2) For each y ∈ Rp, α|U∩̟′−1(y) is C
∞ regular, that is (̟′, α) is C∞ regular on U .
(3) Let 1 ≤ i1 < · · · < ia ≤ q. In the case where N ′i1 ∩ · · · ∩N
′
ia
∩ (M ′ \M ′) = ∅,
we have (N ′i1 ∩ · · · ∩ N
′
ia
) ∩ U = ∅. In the case where N ′i1 ∩ · · · ∩N
′
ia
∩ (M ′ \M ′) 6= ∅,
α|U∩(N ′
i1
∩···∩N ′
ia
)∩̟′−1(y) is C
∞ regular for each y ∈ Rp.
Multiply α with some large (positive) Nash function in variables of Rp. Then we can as-
sume that U = α−1((0, 1]). Since (̟′, α)|U is proper onto Rp×(0, 1], (̟′, α)|U∩(N ′i1∩···∩N
′
ia
)’s
(where N ′i1 ∩ · · · ∩N
′
ia
∩(M ′\M ′) 6= ∅) are also proper onto Rp×(0, 1]. Therefore, by The-
orem 2.1, (̟′, α)|(U ;N ′1∩U,··· ,N ′q∩U) is Nash trivial over R
p×(0, 1]. Hence ̟′|(U ;N ′1∩U,··· ,N ′q∩U) is
Nash trivial over Rp. On the other hand, we see that̟′|(M ′\IntU ;N ′1∩(M ′\IntU),··· ,N ′q∩(M ′\IntU))
is also Nash trivial over Rp. Recall the proof of Theorem 2.1. Then it turns out that we
can construct the Nash triviality of ̟′|(M ′\IntU ;N ′1∩(M ′\IntU),··· ,N ′q∩(M ′\IntU)) over R
p which
follows from the Nash one of ̟′|(U ;N ′1∩U,··· ,N ′q∩U) over R
p in the C1 Nash category. Thus, us-
ing a similar argument to the proof of Theorem 2.1 based on Shiota’s Nash approximation
theorem, we obtain a Nash triviality of ̟′ : (M ′;N ′1, · · · , N
′
q)→ R
p.
This completes the proof of the proposition. 
Using Theorem I we can improve some finiteness theorems proved in [22]. Let N
be a Nash manifold, and let J be a semialgebraic set in some Euclidean space. Let
ft : N → Rk (t ∈ J) be a Nash mapping. Define F : N × J → Rk by F (x; t) = ft(x).
Assume that F is a Nash mapping. Set
K = {t ∈ J | f−1t (0) ∩ S(ft) is isolated}.
As seen in [22], K is a semialgebraic subset of J . By a similar argument to [22] with
Theorem I, we can show the following:
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Theorem II. There exists a finite partition
J = Q1 ∪ · · · ∪Qs ∪Qs+1 ∪ · · · ∪Qu
with K = Q1∪· · ·∪Qs and J−K = Qs+1∪· · ·∪Qu which satisfies the following conditions:
(1) Each Qi is a Nash open simplex.
(2) For each i, there is a Nash trivial simultaneous resolution Πi : Mi → N × Qi of
F−1Qi (0) in N ×Qi over Qi.
In particular, for 1 ≤ i ≤ s, this Nash trivialisation induces a semialgebraic trivialisa-
tion of F−1Qi (0) in N × Qi over Qi. Therefore (N × Qi, F
−1
Qi
(0)) admits a Πi-Blow Nash
trivialisation along Qi.
3. Programme to show finiteness on Blow-semialgebraic triviality.
Let N be a Nash manifold of dimension n, and let J be a semialgebraic set in some
Euclidean space. Let ft : N → Rk (t ∈ J) be a Nash mapping. Assume that F : N ×J →
Rk is a Nash mapping.
In this section we give a programme to show a finiteness theorem on Blow-semialgebraic
triviality for (N × J, F−1(0)) under some assumptions on N and F . As mentioned in the
introduction, we divide our programme into 8 processes. Processes I, II and III always
work for any Nash manifold N and Nash mapping F . On the other hand, some properness
condition is required in Processes IV - VI, which can be applied to the compact case,
namely, the case where N is a compact Nash manifold. We terminate our programme in
the compact case at Process VI. To carry out our programme in the non-compact case,
some device is necessary. In fact, we use two reduction methods in our programme. One
is a reduction from the non-compact case to the compact case for a nonsingular algebraic
variety N , and another is from the Nash case to the algebraic case for a non-compact
Nash manifold N . We describe the first and second methods as Processes VII and VIII,
respectively.
Process I. Constancy of dimensions. Denote
SF−1Q (0) = {(x, t) ∈ N ×Q | x ∈ f
−1
t (0) ∩ S(ft)}
for Q ⊂ J . Then, by Theorem 1.4, there is a finite partition of J into semialgebraic sets Qi
such that F−1Qi (0) and SF
−1
Qi
(0) are semialgebraically trivial over each Qi. Therefore, when
we consider our finiteness problem, we may assume from the beginning that dim f−1t (0)
and dim f−1t (0) ∩ S(ft) are constant over J . In addition, we have already known the
following:
(i) In the case where dim f−1t (0) ∩ S(ft) = −1 i.e. f
−1
t (0) ∩ S(ft) = ∅, a finiteness
theorem holds on Nash triviality ([10]).
(ii) In the case where dim f−1t (0) ∩ S(ft) = 0 i.e. in the case of isolated singularities, a
finiteness theorem holds on Blow-Nash triviality (Theorem II).
After this, we assume that dim f−1t (0) is constant and dim f
−1
t (0) ∩ S(ft) ≥ 1 over J .
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Process II. Finiteness on the existence of Nash trivial simultaneous resolution.
By Theorem II, there exists a finite partition of J = Q1 ∪ · · · ∪Qu such that for each i,
(1) Qi is a Nash open simplex, and
(2) there is a Nash trivial simultaneous resolution Πi : Mi → N × Qi of F
−1
Qi
(0) in
N ×Qi over Qi.
In order to show this finiteness theorem, we used the desingularisation theorem of
Hironaka or Bierstone-Milman (Theorem 1.5). Therefore, for each i
(3.1) Πi(SΠi) ⊂ SingF
−1
Qi
(0).
Let q : N × Qi → Qi be the canonical projection. For t ∈ Qi, we set Mt = Mi ∩ (q ◦
Πi)
−1(t) and Nt = N × {t}. Define a mapping πt : Mt → Nt by πt = Πi|Mt : Mt → Nt.
Then it follows from (3.1) and the Nash triviality that
πt(Sπt) ⊂ Singf
−1
t (0) for any t ∈ Qi.
Hence dim πt(Sπt) ≤ dimSingf
−1
t (0) < dim f
−1
t (0) = Ki (constant), namely,
dim πt(Sπt) ≤ Ki − 1 for any t ∈ Qi.
Process III. Fukuda’s lemma on a stratified mapping. By T. Fukuda [11], any
Nash mapping f :M → N between Nash manifolds can be stratified.
Lemma 3.1. Given semialgebraic subsets A1, · · · , Aa of M and semialgebraic subsets
B1, · · · , Bb of N , there exist finite Cω-Nash Whitney stratifications S(M) ofM compatible
with A1, · · · , Aa and S(N) of N compatible with B1, · · · , Bb such that for any X ∈ S(M),
there is a stratum U ∈ S(N) such that the restriction f |X : X → U is a Nash submersion.
Remark 3.2. Taking substratifications if necessary, we may assume that f |X : X → U is
surjective.
Set Wi = F
−1
Qi
(0). Then it follows from Lemma 3.1 and Theorem 1.2 that taking a
finite partition of Qi if necessary, there are finite C
ω-Nash Whitney stratifications S(Mi)
ofMi compatible with W ′i , D1, · · · ,Dd and their intersections, and S(N ×Qi) of N ×Qi
compatible with their images by Πi so that Πi : (Mi,S(Mi)) → (N × Qi,S(N × Qi))
and q : (N ×Qi,S(N ×Qi))→ (Qi, {Qi}) are stratified mappings. Here W
′
i is the strict
transform of Wi by Πi and D1, · · · ,Dd are the exceptional divisors.
Set
S(D1 ∪ · · · ∪ Dd) = {X ∈ S(Mi) | X ⊂ D1 ∪ · · · ∪ Dd} ,
S(Πi(D1 ∪ · · · ∪ Dd)) = {U ∈ S(N ×Qi) | U ⊂ Πi(D1 ∪ · · · ∪ Dd)} .
We can assume that any stratum in S(Mi) and S(N ×Qi) is connected.
Process IV. Semialgebraic triviality of Πi|D1∪···∪Dd. We first recall the semialgebraic
version of Thom’s 2nd Isotopy Lemma proved by M. Shiota [35].
Let A ⊂ Rm, B ⊂ Rr be semialgebraic sets, let I be a C2-Nash open simplex, and let
f : A→ B and q : B → I be proper C2-Nash mappings.
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Lemma 3.3. Suppose that A and B admit finite C2-Nash Whitney stratifications S(A)
and S(B) respectively such that f : (A,S(A)) → (B,S(B)) is a Thom mapping and
q : (B,S(B)) → (I, {I}) is a stratified mapping. Then the stratified mapping f is
semialgebraically trivial over I, namely, there are semialgebraic homeomorphisms H :
(q ◦ f)−1(P0)× I → A and h : q−1(P0)× I → B, for some P0 ∈ I, preserving the natural
stratifications such that h−1 ◦ f ◦H = f |(q◦f)−1(P0)× idI and q ◦ h : q
−1(P0)× I → I is the
canonical projection.
Remark 3.4. (1) The Whitney regularity of adjacent strata of S(A) mapped into different
strata of S(B) is not necessary to show the triviality of f over I. In [32], C. Sabbah calls
a stratified mapping (f,S = {S(A),S(B)}) sans e´clatement if (f,S) satisfies the assump-
tions of Thom’s 2nd Isotopy Lemma without the Whitney regularity of such adjacent
strata.
(2) It is well-known that in Thom’s 2nd Isotopy Lemma we can weaken the assumptions
of the Whitney regularity and the Thom regularity more. The Lemma is shown under the
assumption on the existence of controlled C2 tube systems with some geometric contents.
For instance, see Complement of Theorem II.6.1′ in [35].
Let A, B, I, f : A → B and q : B → I be the same as above. Assume that A and
B admit finite C2-Nash Whitney stratifications S(A) and S(B), respectively. Assume
further that f : (A,S(A)) → (B,S(B)) and q : (B,S(B)) → (I, {I}) are stratified
mappings. For t ∈ I, let At and Bt denote (q ◦ f)
−1(t) ∩ A and q−1(t) ∩ B respectively,
and let
S(A)t = (q ◦ f)−1(t) ∩ S(A) and S(B)t = q−1(t) ∩ S(B).
Note that for any t ∈ I, S(A)t and S(B)t are stratifications of At and Bt respectively,
and ft = f |At : (At,S(A)t)→ (Bt,S(B)t) is a stratified mapping . Then we can show the
following modified Thom’s 2nd Isotopy Lemma in the semialgebraic category using the
arguments based on the proof of the above 2nd Isotopy Lemma.
Lemma 3.5. ([22]) Suppose that for any t ∈ I, the stratified mapping ft : (At,S(A)t)→
(Bt,S(B)t) is (aft)-regular. Then, subdividing I into finitely many C
2-Nash manifolds if
necessary, the stratified mapping f : (A,S(A)) → (B,S(B)) is semialgebraically trivial
over I.
Throughout this paper, we use the notations At, Bt, S(A)t, S(B)t and ft : (At,S(A)t)→
(Bt,S(B)t) in the above meaning for stratified mappings f : (A,S(A))→ (B,S(B)) and
q : (B,S(B))→ (I, {I}).
Let us go back to our process. ¿From Process IV to Process VI, we assume that N
is compact except the statements concerning Isotopy Lemmas. Let Πi : (Mi,S(Mi)) →
(N×Qi,S(N×Qi)) be a stratified mapping given in Process III. We consider the restriction
of the stratified mapping Πi to D1 ∪ · · · ∪ Dd as the above f .
IV-A. We first consider the case where the following assumption is satisfied for Qi.
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Assumption A. For any t ∈ Qi, the stratified mapping
πt|(D1∪···∪Dd)t : ((D1∪· · ·∪Dd)t,S(D1∪· · ·∪Dd)t)→ (Πi(D1∪· · ·∪Dd)t,S(Πi(D1∪· · ·∪Dd))t)
is (aπt)-regular.
By the compactness of N , it follows from Lemma 3.5 that taking a finite partition of
Qi if necessary, the stratified mapping
Πi|D1∪···∪Dd : (D1 ∪ · · ·∪Dd,S(D1 ∪ · · · ∪Dd))→ (Πi(D1 ∪ · · · ∪Dd),S(Πi(D1∪ · · · ∪Dd)))
is semialgebraically trivial over Qi.
IV-B. We next consider the case where the (aπt)-regularity is not satisfied for Qi. Then
we pose the following:
Assumption B. There exist a thin semialgebraic subset Ri of Qi and a finite partition
Qi \ Ri = Qi,1 ∪ · · · ∪ Qi,v such that each Qi,j is a Nash open simplex, and the stratified
mapping
Πi|D1∪···∪Dd : (D1 ∪ · · ·∪Dd,S(D1 ∪ · · · ∪Dd))→ (Πi(D1 ∪ · · · ∪Dd),S(Πi(D1∪ · · · ∪Dd)))
is semialgebraically trivial over Qi,j, 1 ≤ j ≤ v.
Process V. Semialgebraic triviality of Πi. We recall the semialgebraic version of
Thom’s 1st Isotopy Lemma.
Lemma 3.6. ([35]) Let A be a semialgebraic subset of Rm, let I be a C2-Nash open
simplex, and let f : A→ I be a proper C2-Nash mapping. Suppose that A admits a finite
C2-Nash Whitney stratification S(A) such that for any stratum X ∈ S(A), f |X : X → I
is a C2 submersion onto I. Then the stratified set (A,S(A)) is semialgebraically trivial
over I.
Let us consider the situation that by Process IV we can have a semialgebraic triviali-
sation of the stratified mapping Πi|D1∪···∪Dd over Qi or Qi,j. Here we explain only how we
obtain the semialgebraic triviality of Πi over Qi, since the argument for Qi,j is the same.
The semialgebraic trivialisation of Πi|D1∪···∪Dd over Qi gives a semialgebraic one of the
stratified mapping
q ◦ Πi|D1∪···∪Dd : (D1 ∪ · · · ∪ Dd,S(D1 ∪ · · · ∪ Dd))→ (Qi, {Qi}).
This stratified mapping is the restriction to D1 ∪ · · · ∪ Dd of the stratified mapping
q ◦Πi : (Mi,S(Mi))→ (Qi, {Qi}).
The stratified mapping q ◦Πi satisfies the hypotheses of lemma 3.6. Therefore there is
a semialgebraic trivialisation of (Mi,S(Mi)) over Qi extending the above trivialisation
of (D1 ∪ · · · ∪ Dd,S(D1 ∪ · · · ∪ Dd)) over Qi. Since Πi is a Nash isomorphism outside
D1∪ · · ·∪Dd, the extended semialgebraic trivialisation induces a semialgebraic one of the
stratified mapping
Πi : (Mi,S(Mi))→ (N ×Qi,S(N ×Qi))
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over Qi. In this way, we obtain a Πi-Blow semialgebraic trivialisation of (N ×Qi, F
−1
Qi
(0))
along Qi.
Process VI. Finiteness on Blow-semialgebraic triviality. If Assumption A is
satisfied over any Qi in Process IV, then finiteness on Blow-semialgebraic triviality for
{(N, f−1t (0))}t∈J follows from Process V.
In the case where not Assumption A but Assumption B is satisfied over some Qi, let Ri
be the thin semialgebraic subset of Qi removed in Process IV. We take a finite subdivision
of Ri into Nash open simplices Ri,j’s. By Process II, taking a finite subdivision of Ri,j
if necessary, there is a Nash trivial simultaneous resolution Πi,j : Mi,j → N × Ri,j of
F−1Ri,j (0) in N × Ri,j . In addition, we may assume that Πi,j and q over each Ri,j have
the same properties as Πi and q in Process III, respectively. Therefore we can advance
to Process IV in our programme with {(N, f−1t (0))}t∈Ri,j . Since the dimension of each
Ri,j is less than that of Qi, we can show finiteness on Blow-semialgebraic triviality for
{(N, f−1t (0))}t∈J , if Assumption A or B is always satisfied in our circulatory programme.
By the arguments mentioned above, we can terminate our programme in the compact
case.
Example 3.7. (Theorem IIIa in [22]) Let N be a compact Nash manifold of dimension
3, and let J be a semialgebraic set in some Euclidean space. Let ft : N → Rk, t ∈ J , be
a Nash mapping such that dim f−1t (0) = 2 over J . Assume that F is a Nash mapping.
Then we put the programme from Process I to VI into practice for the family of Nash
sets (N × J, F−1(0)). In Process IV, Assumption A is satisfied. See [22] for the details.
Therefore finiteness on Blow-semialgebraic triviality for (N × J, F−1(0)) follows from our
programme.
Process VII. Reduction from the non-compact algebraic case to the algebraic
compact case. In this process, let N be a nonsingular (affine) algebraic variety in Rm,
let J be a Nash open simplex in Ra, and let F : N×J → Rk be a Nash mapping. Assume
that N is non-compact.
We consider the projectivisation ofN in RPm, denoted by Nˆ . Let us regard Rm ⊂ RPm.
Then Nˆ may be singular at some points in Nˆ \ N . By the desingularisation theorem of
Hironaka, there is an algebraic desingularisation γ : N → Nˆ of Nˆ whose exceptional set
is mapped to Nˆ \N . Let V = F−1(0) and Vˆ the Nash closure of V in RPm×J . Note that
Vˆ ⊂ Nˆ ×J and Vˆ ∩Rm×J = V . We define a map β :M→ Nˆ ×J by β(x; t) = (γ(x), t),
where M = N × J . By construction, β|β−1(N×J) : β
−1(N × J) → N × J is a Nash
isomorphism.
We denote by W the strict transform of Vˆ by β. Let us consider W as a Nash family
of Nash sets defined over a compact, nonsingular algebraic variety N , and let q : M =
N × J → J be the canonical projection. Then we can apply our programme, Processes
I - VI, to this (M,W ). If Assumption A or B is always satisfied at Process IV in the
circulatory programme, there is a finite partition J into Nash open simplices Qi’s such
that (N × Qi,Wi) admits a Πi-Blow-semialgebraic trivialisation along Qi, where Wi =
W ∩ q−1(Qi) and Πi : M˜i → N × Qi is a Nash trivial simultaneous resolution of Wi in
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N ×Qi. Let Π˜i be the restriction of β ◦Πi to (β ◦Πi)−1(N ×Qi). At each Process III in
the circulatory programme, we can take the stratifications of M˜i and N ×Qi so that the
former stratification is compatible with β−1(N ×Qi) and β−1(Vˆ ∩N ×Qi), and the latter
one is compatible with N ×Qi and Vˆ ∩N ×Qi. We are regarding F
−1
Qi
(0) = V ∩N ×Qi
as Vˆ ∩ N × Qi. Therefore, by construction, the Πi-Blow-semialgebraic trivialisation of
(N ×Qi,Wi) induces a Π˜i-Blow-semialgebraic trivialisation of (N ×Qi, F
−1
Qi
(0)) along Qi.
In this way, we can reduce the algebraic non-compact case to the compact case.
Process VIII. Reduction from the Nash case to the nonsingular algebraic case.
Let N be a Nash manifold, and let J be a Nash open simplex. Let F : N × J → Rk be a
Nash mapping. Since every Nash manifold is Nash diffeomorphic to a nonsingular (affine)
algebraic variety (M. Shiota [34]), we may assume that N is a nonsingular algebraic
variety. Therefore we can reduce this Nash case to the above algebraic case.
In Example 3.7, let N be a non-compact Nash manifold. Then we can apply Processes
VII and VIII to this case to show a similar finiteness result to the example. As a result,
we get a finiteness theorem on Blow-semialgebraic triviality for (N × J, F−1(0)) in the
case where N is a Nash manifold which is not necessarily compact.
Remark 3.8. In this section we have described our programme to show finiteness on Blow-
semialgebraic triviality for a family of Nash sets as embedded varieties, and in the next
section we apply this programme to show Theorems III, IV. But in §5 we consider the
Blow-semialgebraic triviality just for a family of the main parts of algebraic sets. Therefore
we have to modify the programme for the proof. In Process IV we show semialgebraic
triviality of Πi|V ′i∩(D1∪···∪Dd) where Vi = F
−1
Qi
(0). As a result, the semialgebraic triviality
constructed in Process IV is extended to V ′i (not Mi) in Process V, using a similar
argument to the above. Because of some technical reason, Process VI is slightly modified
also in the proof. In order to show the non-compact algebraic case, we consider the
complexification. As a result, the argument in Process VIII is quite different from this
section (see §7 for the details).
4. Applications.
Let us give some applications of the programme described in the previous section. We
make a remark on the programme that in the compact Nash case, Processes I-III, V
always work, and Process VI works if so does Process IV. As seen in §3, when we consider
our finiteness problem, the non-compact Nash case follows from the compact one through
Processes VII, VIII.
Let N be a Nash manifold of dimension n, and let J be a semialgebraic set in some
Euclidean space. Let ft : N → Rk (t ∈ J) be a Nash mapping. By Process I, we assume
that dim f−1t (0) is constant over J and dim f
−1
t (0) ∩ S(ft) ≥ 1 for any t ∈ J .
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Theorem III. Suppose that dim f−1t (0) = 2 over J . Then there exists a finite partition
J = Q1 ∪ · · · ∪Qu such that for each i,
(1) Qi is a Nash open simplex, and
(2) (N ×Qi, F
−1
Qi
(0)) admits a Blow-semialgebraic trivialisation along Qi.
Remark 4.1. In this theorem we are considering the case n ≥ 3. The case n = 3 is
discussed in [22] and the previous section (Processes VI - VIII).
Proof of Theorem III. By our programme, it suffices to show the compact case. Therefore
we may assume that N is compact. Let Πi : (Mi,S(Mi)) → (N × Qi,S(N × Qi)) and
q : (N × Qi,S(N × Qi)) → (Qi, {Qi}) be the stratified mappings given in Process III.
Then dim πt(Sπt) ≤ 1 for any t ∈ Qi.
Let X ∈ S(D1 ∪ · · · ∪ Dd) and U ∈ S(Πi(D1 ∪ · · · ∪ Dd)). Since the restrictions
q ◦ Πi|X : X → Qi and q|U : U → Qi are onto submersions, dimXt and dimUt are
constant over Qi. Then we have 0 ≤ dimUt ≤ 1 for U ∈ S(Πi(D1 ∪ · · · ∪ Dd)). Let
Xt, Yt ∈ S(D1∪· · ·∪Dd)t and Ut, Vt ∈ S(Πi(D1∪· · ·∪Dd))t such thatXt ⊃ Yt, πt(Xt) = Ut
and πt(Yt) = Vt. In the case where Ut = Vt, the (aπt)-regularity of the pair (Xt, Yt) follows
from the Whitney (b)-regularity. Therefore it suffices to consider the (aπt)-regularity in
the case where dimUt = 1 and dimVt = 0. Since Ut and Vt are connected, Vt is a point
and Ut is Nash diffeomorphic to an open interval or a circle. But in the case where Ut
is diffeomorphic to a circle, Vt cannot be contained in the closure of Ut. Therefore Ut is
diffeomorphic to an open interval. Taking substratifications of S(Mi), S(N ×Qi) and a
subtriangulation of {Qi} if necessary, we may assume that ∂Ut consists of Vt and another
point. Set
B(Xt, Yt) = {y ∈ Yt | (Xt, Yt) is not (aπt)-regular at y}
and B(X, Y ) =
⋃
t∈Qi
B(Xt, Yt). By [11], B(X, Y ) is a semialgebraic subset of Mi.
Now we consider the straightening up of Vt ∪ Ut. Namely, there are a (semialgebraic)
neighbourhood W of Vt in N and a C
1 subanalytic diffeomorphism φ : W → Rk such that
φ(Vt) = 0 and φ(Vt ∪ Ut) ⊂ R× {0}. Then we have
B(Xt, Yt) = {y ∈ Yt | (Xt ∩ π
−1
t (W ), Yt) is not (aφ◦π)-regular at y} .
Using a similar argument to K. Bekka [3] and K. Kurdyka - G. Raby [25], we see that
B(Xt, Yt) is a thin subset of Yt. Therefore we can take subdivisions of S(Mi), S(N ×Qi)
and {Qi} so that for any X, Y ∈ S(D1 ∪ · · · ∪ Dd) with X ⊃ Y and any t ∈ Qi, (Xt, Yt)
is (aπt)-regular. Since Assumption A in Process IV is satisfied over any Qi, the statement
of the theorem follows. 
In [23] we gave a list on finiteness properties for a family of zero-sets of Nash mappings
defined over a compact Nash manifold N (or for a family of Nash set-germs). By Theorems
II and III, we have got some improvements in it. We give the updated list below. Note
that in this case the Nash manifold N is not necessarily compact.
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Existence of
Nash trivial
simultaneous
resolution
dim f−1t (0)
0
1
2
3
≥ 4
f−1t (0) ∩ S(ft) : isolated
(resp. = ∅)
Nash triviality for
{(N, f−1t (0))}
Blow-Nash triviality for
(resp. Nash triviality for)
{(N, f−1t (0))}
f−1t (0) ∩ S(ft) : non-isolated
This case never happens.
Blow-Nash triviality for
{(N, f−1t (0))}
Blow-semialgebraic triviality for
{(N, f−1t (0))}
Main result (Blow-semialgebraic
triviality consistent with
a compatible filtration)
(Fukui observation)
Table (*)
In the following sections we give a finiteness theorem on Blow-semialgebraic triviality for
a family of the main parts of 3-dimensional algebraic sets, and our main theorem, namely, a
finiteness theorem on Blow-semialgebraic triviality consistent with a compatible filtration
for a family of 3-dimensional algebraic sets. But the situation in the higher dimensional
case is more complicated. In [30] I. Nakai constructs a family of polynomial mappings
: {fa : (R3, 0) → (R2, 0)} in which topological moduli appear. On the other hand, T.
Fukui [13] observes that there is a Nash trivial simultaneous resolution for a family of
4-dimensional algebraic sets {Va} in R6 such that the resolution maps represent the Nakai
family. These facts mean that given a simultaneous resolution for a family of higher
dimensional algebraic sets with the parameter algebraic set J , there does not always exist
a thin algebraic subset J1 ⊂ J so that finiteness holds on Blow-semialgebraic triviality
even for the family of the main parts of algebraic sets over J \ J1. Incidentally, the Fukui
observation is generalised to a theorem of representation by a desingularisation map for
any polynomial mapping : Rn → Rp, n ≥ p. For the details of the statement, consult [4].
Using a similar argument to the proof of Theorem III, we can show the following:
Theorem IV. Suppose that dim f−1t (0) ≥ 2 and dim f
−1
t (0) ∩ S(ft) = 1 over J . Then
there exists a finite partition J = Q1 ∪ · · · ∪Qu such that for each i,
(1) Qi is a Nash open simplex, and
(2) (N ×Qi, F
−1
Qi
(0)) admits a Blow-semialgebraic trivialisation along Qi.
Proof of Theorem IV. By the assumption we see that dimSingF−1Qi (0) ≤ dimQi+1. Then
dim πt(Sπt) ≤ 1 for any t ∈ Qi. Therefore the statement follows similarly to Theorem
III. 
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5. Finiteness for the main parts of 3-dimensional algebraic sets.
In this section we describe a weak version of our main theorem. Namely, we show
a finiteness theorem on Blow-semialgebraic triviality for a family of the main parts of
3-dimensional algebraic sets.
Let N be an affine nonsingular algebraic variety in Rm, and let J be an algebraic set
in Ra. Let ft : N → Rk (t ∈ J) be a polynomial mapping such that dim f
−1
t (0) ≤ 3 for
t ∈ J . Assume that F is a polynomial mapping. Then we have
Proposition 5.1. There exists a finite partition J = Q1 ∪ · · · ∪ Qu which satisfies the
following conditions:
(1) Each Qi is a Nash open simplex, and dim f
−1
t (0) and dim f
−1
t (0)∩S(ft) are constant
over Qi.
(2) For each i where dim f−1t (0) = 3 and dim f
−1
t (0) ∩ S(ft) ≥ 1 over Qi, there is a
Nash simultaneous resolution Πi :Mi → N ×Qi of F
−1
Qi
(0) in N ×Qi such that MF
−1
Qi
(0)
admits a Πi-Blow-semialgebraic trivialisation along Qi.
In the case where dim f−1t (0) ≤ 2 over Qi or dim f
−1
t (0) ∩ S(ft) ≤ 0 over Qi, (N ×
Qi, F
−1
Qi
(0)) admits a trivialisation listed in table (*).
Let us start to show the proposition above. We can derive the following lemma easily
from table (*) in §4.
Lemma 5.2. Let J0 be a semialgebraic subset of J such that dim f
−1
t (0) ≤ 2 for t ∈ J0 or
dim f−1t (0) ∩ S(ft) ≤ 0 for t ∈ J0. Then there exists a finite partition J0 = Q1 ∪ · · · ∪Qu
which satisfies the following conditions:
(1) Each Qi is a Nash open simplex.
(2) For each i, there is a Nash simultaneous resolution Πi : Mi → N × Qi of F
−1
Qi
(0)
in N ×Qi over Qi such that (N ×Qi, F
−1
Qi
(0)) admits a trivialisation on Πi listed in table
(*).
By Process I in §3, there is a subdivision of J into two semialgebraic sets J1 and J2
such that
(5.1)
{
dim f−1t (0) ≤ 2 or dim f
−1
t (0) ∩ S(ft) ≤ 0 for t ∈ J1
dim f−1t (0) = 3 and dim f
−1
t (0) ∩ S(ft) ≥ 1 for t ∈ J2.
Let dim J2 = b, and let ∆ be the Zariski closure of J2 in R
a. Then J2 ⊂ ∆ ⊂ J such that
dim∆ = b. Since J − ∆ ⊂ J1, there is a finite partition J − ∆ = Q1 ∪ · · · ∪ Qu which
satisfies the conditions in Lemma 5.2. Therefore it suffices to show the case ∆ = J .
Let us consider the algebraic set V = F−1(0). Then
V = {(x, t) ∈ N ×∆ | F˜ (x, t) = 0}
is a (3 + b)-dimensional algebraic set in N ×Ra. We apply the desingularisation theorem
of Hironaka ([17]) to V ⊂ N × Ra. Let dimN = n. There is an algebraic resolution of V
in N × Ra, Π : M → N × Ra, where M is a smooth algebraic set of dimension (n + a).
Namely, Π is the composite of a finite sequence of blowings-up σj+1 : Mj+1 → Mj with
smooth algebraic centres Cj such that:
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(1) The critical set of Π is a union of algebraic divisors D1, · · · , Dd.
(2) The strict transform V ′ of V in M by Π is a smooth algebraic set of M .
(3) V ′, D1, · · · , Dd simultaneously have only normal crossings.
(4) There is a thin algebraic subset T in V so that Π|Π−1(V−T ) : Π
−1(V − T )→ V − T
is a Nash isomorphism.
Let Ei = V
′ ∩Di, 1 ≤ i ≤ d, and let E be the union of Ei’s. We make some remarks
here.
Remark 5.3. (1) V ′ is a (3 + b)-dimensional smooth algebraic set.
(2) Each Ei is a smooth algebraic subset of V
′ of codimension 1.
(3) E1, · · · , Ed simultaneously have only normal crossings in V ′.
Remark 5.4. Let U be an open semialgebraic subset of V ′. Let S1 be a finite Whitney
stratification of E ∩ U which is compatible with Ei(1) ∩ · · · ∩ Ei(η) ∩ U ’s for 1 ≤ i(1) <
· · · < i(η) ≤ d, 1 ≤ η ≤ d, and let S2 be the set of connected components of (V ′−E)∩U .
Then S = S1 ∪ S2 is also a finite Whitney stratification of U .
Let q : Rm × Ra → Ra be the canonical projection. For K = R or C, let KP[r] denote
the product of r projective lines KP 1×· · ·×KP 1. Since the real projective space is affine
and Π is the composite of a finite sequence of blowings-up with smooth algebraic centres,
we may think M is an affine algebraic set in some Euclidean space Rℓ. Then we have the
following diagram:
R
m × Ra ⊃ N × Ra ⊃ N ×∆ ⊃ V
Ra = Ra ⊃ ∆
Π Π
q q q
Rℓ ⊃ M ⊃ V ′ ⊃ E
Set ΠE = Π|E . Then we have
Rℓ ⊃ E
ΠE
−−−→ Rm × Ra
q
−−−→ Ra.
We denote by G the graph of ΠE . Then G is a (2 + b)-dimensional algebraic set in
Rℓ×Rm×Ra. Through the canonical embeddings, let us consider Rℓ ⊂ RP ℓ, Rm ⊂ RP[m]
and Ra ⊂ RP[a]. Let W be the associated algebraic set of G in RP
ℓ × RP[m] × RP[a]. We
regard ΠE : E → Rm × Ra as the canonical projection π : G → Rm × Ra. Let Π˘ be the
canonical projection from W to RP[m] × RP[a]. By construction, Π˘|W∩Rℓ×Rm×Ra = π. Let
q˘ : RP[m] × RP[a] → RP[a] be the canonical projection which is an extension of q. Then
we have a composite of projections:
(5.2) RP ℓ × RP[m] × RP[a] ⊃ W
Π˘
−−−→ RP[m] × RP[a]
q˘
−−−→ RP[a].
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Here we consider the complexification of the above composite of projections:
(5.3) CP ℓ × CP[m] × CP[a] ⊃WC
Π˘C−−−→ CP[m] × CP[a]
q˘C−−−→ CP[a].
In this section we want to show finiteness for a family of the main parts of 3-dimensional
algebraic sets, following our programme in §3. We remember that Lemma 5.2 follows from
our programme with Assumption A in Process IV. But Assumption A is not always sat-
isfied in the case where dim f−1t (0) = 3 for any element t of J1 whose Zariski closure is J .
Namely, ΠE may contain a family of non-Thom maps, even after taking a finite subdivi-
sion of the parameter space and considering only on the maximal dimensional subspaces.
Therefore we consider some other method for which an alternative assumption is satisfied
in Process IV. Here we recall the works of C. Sabbah on “sans e´clatement” stratified
analytic morphisms ([32]) and locally finiteness property on topological equivalence for a
family of complex analytic mappings ([31]). We don’t describe the original forms of Sab-
bah’s results but modified ones suitable for our purpose. We first prepare a terminology
for it. Let f : A → B be a stratified, complex polynomial mapping between complex
algebraic varieties. Namely, there are finite stratifications {Aα} of A and {Bβ} of B such
that for any α, there exists β for which f induces a surjective submersion f : Aα → Bβ.
In this paper, a stratification for an algebraic variety always means a finite one. We say
that a couple of stratifications S = ({Aα}, {Bβ}) is a C-algebraic stratification of f , if the
following conditions are satisfied:
(1) Each Aα (resp. Bβ) is a (connected) complex-analytic manifold of A (resp. B).
(2) For each α (resp. β), Aα and Aα − Aα (resp. Bβ and Bβ − Bβ) are algebraically
closed in A (resp. B).
(3) For any Aα, there exists Bβ such that f(Aα) = Bβ.
LetXC, YC be the products of some complex projective spaces, and let τ : XC×YC → YC
be the canonical projection. Let WC be an algebraic set of XC × YC, and set Υ = τ |WC :
WC → YC.
Theorem 5.5. (Modified form of [32], Theorem 1) Let S be a C-algebraic stratification
of Υ. Then there exist a proper algebraic modification ̟ : Y˜C → YC and a C-algebraic
stratification S˜ of the pull-back of Υ by ̟, Υ˜ : WC ×
YC
Y˜C → Y˜C, compatible with S such
that (Υ˜, S˜) is sans e´clatement in the sense of Sabbah (cf. Remark 3.4).
Remark 5.6. Let X , Y be the products of some real projective spaces, and let W be
a real algebraic set of X × Y . We denote by XC, YC and WC the complexifications of
X , Y and W , respectively. Let τ : XC × YC → YC be the canonical projection. Then
Υ = τ |WC : WC → YC is invariant under complex conjugation. Sabbah proved Theorem
5.5 using the flattening theorem of Hironaka [17]. Therefore we can assume that ̟ is
invariant under complex conjugation. Suppose that S is a C-algebraic stratification of
Υ which is invariant under complex conjugation. Then, thanks to the construction of
Sabbah [32], we can assume that (Υ˜, S˜) in Theorem 5.5 is also invariant under complex
conjugation.
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Applying Theorem 1 in [32], Sabbah established a local finiteness theorem on topological
equivalence for a family of complex analytic mappings defined over a compact, connected,
smooth analytic surface ([31], Theorem 2), and proved a finite classification theorem
on topological equivalence for complex polynomial mappings : (C2, 0) → (Cm, 0) of a
bounded degree as its corollary.
Let us recall Sabbah’s local finiteness theorem in the algebraic form, namely a finiteness
theorem for a family of polynomial mappings as an outcome. Let WC and YC be compact
complex algebraic varieties, let UC be a complex algebraic variety, and let µ : WC×UC →
YC × UC be a family of polynomial mappings and q : YC × UC → UC be the canonical
projection. Set WC,u = (q ◦ µ)−1(u) and YC,u = q−1(u) for u ∈ UC. Suppose that WC is
nonsingular, connected and of dimension 2. Then we have
Theorem 5.7. ([31] Theorem 2) The number of topological types of polynomial mappings
µ|WC,u : WC,u → YC,u is finite over UC.
Note that Sabbah proved finiteness theorem not only on topological equivalence but
also on topological triviality implicitly in the theorem above.
Before going back to the original stage of our proof (i.e. the stage at (5.3)), we describe
some important observations on the stratification of a complexified mapping between
complexified spaces which is invariant under complex conjugation.
Let AC ⊂ XC be the complexification of a real algebraic set A in the product of some
real projective spaces X .
Observation 1. Let S(AC) be a C-algebraic stratification of AC which is invariant under
complex conjugation. We denote by S(A) the set of connected components of PC ∩X for
all PC ∈ S(AC). Note that some PC∩X may be empty. But S(A) gives a stratification of
A which does not always satisfy the frontier condition. Each stratum of S(A) is a Nash
manifold and the real dimension of any connected component of PC ∩X (if not empty) is
equal to the complex dimension of PC.
Since the Whitney (b)-regularity is just a property of the inclusion of limit spaces in
the Grassmannian, we have the following:
Observation 2. Let R, U ∈ S(A) with R ∩ U 6= ∅, and let RC, UC ∈ S(AC) such that
U ⊂ UC and R ⊂ RC. Suppose that RC is Whitney (b)-regular over UC. Then R is also
Whitney (b)-regular over U at any point of R ∩ U .
Let AC ⊂ XC (BC ⊂ YC) be the complexification of a real algebraic set A (resp. B) in
X (resp. Y ) as above, and let f : (AC,S(AC))→ (BC,S(BC)) be a stratified polynomial
mapping which is invariant under complex conjugation such that (S(AC),S(BC)) is a C-
algebraic stratification of f . We define S(B) similarly to S(A) in Observation 1. Then
we have
Observation 3. Take any R ∈ S(A). For P ∈ R, let f(P ) ∈ R′ ∈ S(B). Then, locally
around P , f : R→ R′ is a submersion.
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Because of the same reason as the Whitney (b)-regularity, we have
Observation 4. Let R, U ∈ S(A) with R ∩ U 6= ∅, and let RC, UC ∈ S(AC) such that
U ⊂ UC and R ⊂ RC. Suppose that RC is Thom (af)-regular over UC. Then R is also
Thom (af)-regular over U at any point of R ∩ U .
Now we make some preparations to apply Theorem 5.5 with the arguments in [31] and
the above observations to maps (5.3) and (5.2). We first consider the parameter space.
Set KC = (q˘C ◦ Π˘C)(WC), which is a complex algebraic set in CP[a]. Let dimCKC = b1.
By construction, we have b1 ≤ b. Set K = (q˘C ◦ Π˘C)(W ) (= (q˘ ◦ Π˘)(W )). Then we see
that KC∩RP[a] is an algebraic set in RP[a], and K is a semialgebraic subset of KC∩RP[a].
Note that dimK = b1 ≤ b.
We next prepare some notations. Let I = {1, 2, · · · , d}. We identify E with G. Then
we have
G = E =
d⋃
i=1
Ei.
Let Wi, i ∈ I, be the associated algebraic set of Ei in RP ℓ × RP[m] × RP[a], and let WiC,
i ∈ I, be the complexification of Wi in CP ℓ × CP[m] × CP[a]. Then we have
(5.4) W =
d⋃
i=1
Wi, WC =
d⋃
i=1
WiC.
Let us consider the map Π˘C|WiC, i ∈ I. For simplicity, we set Υi = Π˘C|WiC, YiC =
Υi(WiC) and KiC = (q˘C ◦ Υi)(WiC). Then YiC and KiC are complex algebraic sets in
CP[m] × CP[a] and CP[a], respectively. We stratify the map Υi : WiC → YiC so that the
couple of stratifications Si = (SWiC,S
0
YiC
) is a C-algebraic stratification of Υi which is
invariant under complex conjugation and has the following compatibilities:
(1) SWiC is compatible with WiC∩C
ℓ×Cm×Ca and WiC∩ (
⋂
λ∈ΞWλC)’s for any subset
Ξ ⊂ I \ {i}. (Many of the latter intersections may be empty.)
(2) S0YiC is compatible with YiC ∩ C
m × Ca and the images of all the above subsets of
WiC by Υi.
Then, using the same argument as Lemma in [31], we have the following:
Lemma 5.8. There exists a proper algebraic modification ̟i : Y˜iC → YiC such that for any
algebraic subset Σi of YiC, generically of relative dimension 1 over KiC, there are Whitney
stratifications SYiC and SY˜iC of YiC and Y˜iC, respectively, and a C-algebraic stratification
S˜i = (SW˜iC ,SY˜iC) of the pull-back of Υi by ̟i, Υ˜i : W˜iC = WiC ×
YiC
Y˜iC → Y˜iC, which satisfy
the following:
(1) SY˜iC is compatible with Γi = ̟
−1
i (Σi), and SYiC is a substratification of S
0
YiC
com-
patible with Σi.
(2) ̟i : (Y˜iC,SY˜iC)→ (YiC,SYiC) is a stratified mapping.
(3) S˜i is compatible with Si, and (Υ˜i, S˜i) is sans e´clatement.
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(4) There is a dense, smooth, Zariski open subset Ωi of KiC such that the restriction
over Ωi of the stratified mapping ̟i : Γi → Σi endowed with the stratifications introduced
by SY˜iC and SYiC is sans e´clatement.
(5) If Bβ is a stratum of SYiC such that q˘C(Bβ) ∩Ωi 6= ∅, then the restriction q˘C|Bβ∩Ωi :
Bβ ∩ Ωi → Ωi is a submersion.
Remark 5.9. The image Υi(WiC) of WiC by Υi is generically less than or equal to one-
dimensional over KiC. Note that for j 6= i, not only Υi(WiC) but Υi(WiC ∩WjC) can be
generically one-dimensional over KiC. In that case, we can take Σi in Lemma 5.8 so that
Υi(WiC ∩WjC) ⊂ Σi.
Let Υˆi : WˆiC → Y˜iC be the strict transform of Υi by ̟i. Since WˆiC is an irreducible com-
ponent of WiC, the above stratification gives a C-algebraic stratification Sˆi = (SWˆiC ,SY˜iC)
of Υˆi so that (Υˆi, Sˆi) is sans e´clatement. As mentioned in Remark 5.6, we can assume
that ̟i and (Υˆi, Sˆi) are invariant under complex conjugation. By construction, we can
assume also that SYiC and Ωi are invariant under complex conjugation.
Let hi be the map : W˜iC = WiC ×
YiC
Y˜iC → WiC in Lemma 5.8 such that Υi ◦hi = ̟i ◦ Υ˜i,
and let hˆi = hi|WˆiC. Then we have the following commutative diagram of stratified
mappings endowed with the aforementioned stratifications:
(5.5)
WˆiC
Υˆi−→ Y˜iC
hˆi
y y̟i
WiC
Υi−→ YiC
q˘C−→ KiC
Note that the maps Υˆi and hˆi are also invariant under complex conjugation by con-
struction, and q˘C is the restriction of the projection CP[m] × C[a] → C[a] to YiC.
We next consider the real part of the diagram above. Let Wˆi, Y˜i and Wi be the sets
of real points of WˆiC, Y˜iC and, WiC, respectively. Define hˆiR : Wˆi → Wi by hˆiR = hˆi|Wi,
ΥˆiR : Wˆi → Y˜i by ΥˆiR = Υˆi|Wˆi, and ΥiR : Wi → RP[m]×RP[a] by ΥiR = Υi|Wi. Recall that
Wi = WiC ∩ RP ℓ × RP[m] × RP[a] and ΥiR = Π˘|Wi. Set Yˆi = ΥˆiR(Wˆi) and Yi = Υi(Wi).
We further define ̟iR : Yˆi → Yi by ̟iR = ̟i|Yˆi. Let Ki = q˘C ◦ Υi(Wi) = q˘ ◦ ΥiR(Wi).
Then we have the following commutative diagram:
(5.6)
Wˆi
ΥˆiR−−→ Yˆi
hˆiR
y y̟iR
Wi
ΥiR−−→ Yi
q˘
−→ Ki
Applying the desingularisation theorem of Hironaka, we can assume from the beginning
that Wi and WiC are nonsingular. Note that the desingularised WiC and the real part Wi
coincide with the original ones in Cℓ × Cm × Ca and Rℓ × Rm × Ra, respectively. Let Σi
be the image of the critical points set of ̟i in Lemma 5.8. Using the arguments of the
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proofs of Theorem 5.7 and Thom’s Isotopy Lemmas, we can see that there are a complex
algebraic subset HiC of KiC with dimCHiC < dimCKiC and a finite partition of KiC \HiC
into Nash open simplices Qj’s such that the stratified set Σi and the stratified mapping
Υˆi in diagram (5.5) are topologically trivial over each Qj . By construction, there is a thin
algebraic subset Θi of WiC such that hˆi : WˆiC \ hˆ
−1
i (Θ)→WiC \Θi is an isomorphism. In
addition, since WiC is nonsingular and WiC,t = WiC∩ q˘C ◦Υ
−1
i (t) is complex 2-dimensional
for each t ∈ KiC, we can assume that Θi,t = q˘C ◦ Υ
−1
i (t) ∩ Θi is a finitely many points
for any t ∈ Qj and j. Then it follows from the argument of the proof of Theorem 5.7
that the topological triviality of Υˆi over Qj induces a topological one of Υi over Qj . By
the proof of the theorem, we can see that the topological triviality of Y˜iC in Υˆi over Qj
is an extension of the lifting of the topological triviality of Σi over Qj . Therefore let us
remark that the induced topological triviality of YiC in Υi over Qj is an extension of the
topological triviality of Σi over Qj for each j. We make one more important remark that
dimHiC ∩ RP[a] < dimCKiC.
Let us consider the real diagram (5.6), keeping the above observation in the complex
case. By definition we have K =
⋃d
i=1Ki. Since ∆ = J , there exists a finite partition
J = Q1 ∪ · · · ∪Qu ∪R which satisfies the following conditions:
(1) Each Qj is an open Nash simplex, and R is a semialgebraic subset of J with
dimR < dim J .
(2) For any t ∈ J \R, dimF−1t (0) = 3.
Assume that dimK < b. Then we take R so that K ⊂ R. Using the arguments of the
proofs of Proposition 2.3 and some other finiteness theorem (e.g. Theorem II), we can
assume that each F−1Qj (0) is Nash trivial over Qj.
In the following we assume that dimK = b, namely, there is Ki such that dimKi = b.
Let ΣiR = Σi∩RP[m]×RP[a] and Θ
′
i = Θi∩RP
ℓ×RP[m]×RP[a]. Then, by the construction
of stratified sets and mappings in diagram (5.5) and Observations 1-4, we can see that
there exist a semialgebraic subset Ri of Ki with dimRi < b and a finite partition Ki\Ri =
Qi,1 ∪ · · · ∪Qi,u into Nash open simplices with dimQi,j = b so that over each Qi,j , there
are a couple of finite Cω Nash Whitney stratifications SiR = (SWi,SYi) of (Wi, Yi), and
finite Cω Nash Whitney stratifications SYˆi of Yˆi and SWˆi of Wˆi respectively, which satisfy
the following conditions:
(1) The map ΥiR : Wi → Yi with SiR is a stratified mapping.
(2) SWi is compatible with Wi ∩ R
ℓ × Rm × Ra and Wi ∩ (
⋂
λ∈ΞWλ)’s for any subset
Ξ ⊂ I \ {i}.
(3) SYi is compatible with YiR ∩R
m×Ra and the images of all the above subsets of Wi
by ΥiR.
(4) The map ΥˆiR : Wˆi → Yˆi with SˆiR = (SWˆi,SYˆi) is a stratified mapping, and (ΥˆiR, SˆiR)
is sans e´clatement. SˆiR is compatible with SiR.
(5) SYˆi is compatible with ΓiR = ̟
−1
iR (ΣiR), and SYi is compatible with ΣiR.
(6) ̟iR : (Yˆi,SYˆi)→ (Yi,SYi) is a stratified mapping.
(7) The restricted stratified mapping ̟iR : ΓiR → ΣiR endowed with the stratifications
introduced by SYˆi and SYi is sans e´clatement.
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(8) q˘ : q˘−1(Qi,j) ∩ Yi → Qi,j is proper. If Bβ is a stratum of SYi , then the restriction
q˘|Bβ : Bβ → Qi,j is a submersion.
Using a similar argument to the above with the semialgebraic versions of Thom’s Isotopy
Lemmas (cf. Lemmas 3.3, 3.6) and Remark 3.4, we can see that the stratified set ΣiR
and the stratified mapping ΥˆiR in diagram (5.6) are semialgebraically trivial over each
Qi,j. In addition, taking a finite subdivision of Qi,j’s and taking Ri bigger if necessary,
we may assume that Θ′i is a thin semialgebraic subset of Wi over Qi,j such that for each
j, hˆiR : Wˆi \ hˆ
−1
iR (Θ
′
i) → Wi \ Θ
′
i is a Nash isomorphism and Θ
′
i is Nash trivial over Qi,j,
and Θ′i,t = q˘ ◦Υ
−1
iR (t) ∩Θ
′
i is a finitely many points for any t ∈ Qi,j . Then it follows from
a similar argument to the above that the semialgebraic triviality of ΥˆiR over Qi,j induces
a semialgebraic one of ΥiR over Qi,j, and the induced semialgebraic triviality of Yi in ΥiR
over Qi,j is an extension of the semialgebraic triviality of ΣiR over Qi,j for each j.
We show that after removing a thin semialgebraic subset R of K from K and taking a
finite subdivision of K \R into Nash open simplices Qk’s, Π˘ : W → Π˘(W ) ⊂ RP[m]×RP[a]
is semialgebraically trivial over each Qk. By construction, ΥiR = Π˘|Wi, i ∈ I. For
simplicity let us assume that dimKi = b, 1 ≤ i ≤ u, and dimKi < b, u + 1 ≤ i ≤ d. As
seen above, there exist a semialgebraic subset R of K with dimR < b and a finite partition
of Ki \ R, 1 ≤ i ≤ u, into Nash open simplices Qi,j’s, 1 ≤ j ≤ s(i), with dimQi,j = b for
each i, j such that
(5.7) K \R = Q1,1 ∪ · · · ∪Q1,s(1) ∪ · · · ∪Qu,1 ∪ · · · ∪Qu,s(u) (u ≤ d),
and each ΥiR, 1 ≤ i ≤ u, is semialgebraically trivial over Qi,j for 1 ≤ j ≤ s(i). If
Wi ∩ Wk 6= ∅ for 1 ≤ i 6= k ≤ u over Qi,j(i) ∩ Qk,j(k), the semialgebraic trivialities of
ΥiR and ΥkR may not coincide over Qi,j(i) ∩ Qk,j(k). Therefore we have to modify those
semialgebraic trivialities. Taking a finite subdivision of Qi,j ’s and taking R bigger if
necessary, we may assume that the stratifications of ΥiR’s are compatible with Wi ∩Wj ,
ΥiR(Wi ∩Wk), ΥkR(Wi ∩Wk) (1 ≤ i < k ≤ u) and Wi ∩Wk ∩Wv, Υi(Wi ∩Wk ∩Wv),
Υk(Wi∩Wk∩Wv), Υv(Wi∩Wk∩Wv) (1 ≤ i < k < v ≤ u). Many of the above intersections
and their images may be empty. But if not empty, we may assume also the following:
(1) Qi,j(i) = Qk.j(k) = Qi,j(i) ∩Qk,j(k). Over Qi,j(i), Wi ∩Wk is 1-dimensional, the image
by ΥiR (or ΥkR) is ≤ 1-dimensional, and they are semialgebraically trivial.
(2) Qi,j(i) = Qk,j(k) = Qv,j(v) = Qi,j(i) ∩Qk,j(k) ∩Qv,j(v). Over Qi,j(i), Wi ∩Wk ∩Wv and
the image by ΥiR (or ΥkR, ΥvR) is 0-dimensional, and they are semialgebraically trivial.
Here we make one remark.
Remark 5.10. (1) SinceW i,k,v = Wi∩Wk∩Wv is 0-dimensional and semialgebraically triv-
ial over Qi,j(i), the semialgebraic trivialities of ΥiR, ΥkR and ΥvR over Qi,j(i) are uniquely
determined on W i,k,v.
(2) Let W i,k = Wi ∩Wk. We take the Zariski closure Λ
i,k of ΥiR(W
i,k) (= ΥkR(W
i,k))
in RP[m] × RP[a], and consider the intersection of q˘
−1
C
(KiC) and the complexification Λ
i,k
C
of Λi,k in CP[m] × CP[a], and also the intersection of q˘
−1
C
(KkC) and Λ
i,k
C
. By Remark
5.9, we can take the intersections in Σi and Σk in Lemma 5.8. Therefore, taking a finite
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subdivision of Qi,j(i) and removing a thin semialgebraic subset if necessary, we can assume
that ΥiR(W
i,k) = ΥkR(W
i,k) is in ΣiR and ΣkR over Qi,j(i).
As seen above, given a semialgebraic triviality of ΣiR over Qi,j(i), there is a semialgebraic
triviality of ΥˆiR over Qi,j(i) such that the triviality induces a semialgebraic one of ΥiR over
Qi,j(i), and the semialgebraic triviality of ΓiR ⊂ Yˆi in ΥˆiR over Qi,j(i) is the lifting of the
given triviality of ΣiR. Note that this property holds for any i, j(i). The semialgebraic
triviality of ΥiR over Qi,j(i) gives a semialgebraic one of ΥkR = ΥiR :W
i,k → ΥkR(W i,k) =
ΥiR(W
i,k) over Qk,k(i) = Qi,j(i). Since W
i,k is ≤ 1-dimensional over Qk,j(k), taking a
finite subdivisions of Qk,j(k) and removing a thin semialgebraic subset if necessary, we
can assume that ΥkR : W
i,k → ΥkR(W
i,k) and hkR : h
−1
kR(W
i,k) → W i.k are Thom maps.
Therefore, by the above property and this Thom (af)-regularity, we can construct the
semialgebraic triviality of ΥˆkR as an extension of the lifting of the semialgebraic triviality
of ΥkR : W
i,k → ΥkR(W i,k) over Qk,j(k). Thus we can modify the semialgebraic triviality
of ΥkR so that the restriction of the semialgebraic triviality to W
i,k coincides with the
restricted semialgebraic one of ΥiR over Qk,j(k).
Now we can assume the following properties in (5.7):
(1) If Wi,j(i) ∩Wk,j(k) 6= ∅, then Qi,j(i) = Qk,j(k). If Wi,j(i) ∩Wk,j(k) = ∅, then Qi,j(i) ∩
Qk,j(k) = ∅. Here Wi,j(i) = (q˘ ◦ΥiR)
−1(Qi.j(i)).
(2) ΥiR is semialgebraically trivial over Qi,j(i) for any i and j(i).
We first consider the semialgebraic triviality of Υ1R over any Q1,j(1), Let k > 1. In the case
where Qi,j(i) ∩ Qk,j(k) = ∅ for any i < k and j(i), we consider the semialgebraic triviality
of ΥkR over any Qk,j(k). In the case where Qi,j(i) = Qk,j(k) for i < k, by Remark 5.10, we
can take the the semialgebraic triviality of ΥkR over Qk,j(k) so that the restriction of the
semialgebraic triviality toW i,k coincides with the restricted semialgebraic one of ΥiR over
Qk,j(k). By this construction, we can see that Π˘ : W → Π˘(W ) is semialgebraically trivial
over each Qi,j.
In order to prove the proposition, that is, finiteness on Blow-semialgebraic triviality for
the main partM(V ), we need to show finiteness on semialgebraic triviality of Π|V ′ : V ′ →
MV after removing a thin semialgebraic subset from the original parameter algebraic set
J . As stated above, if dimK < b, then finiteness holds on Nash triviality for F−1
J\K(0).
Therefore it suffices to consider the case that dimK = b. In this case also, finiteness
holds on Nash triviality for F−1
J\K(0). Let us restrict our finiteness problem over K. As
above we identify V ′ with the graph of Π|V ′, and keep the same notations Wi and WiC.
Let us denote by V ′ and Dj, 1 ≤ j ≤ d, the associated algebraic sets of V ′ and Dj in
RP ℓ×RP[m]×RP[a], respectively. Similarly, let DjC, 1 ≤ j ≤ d, be the associated algebraic
set of Dj in CP
ℓ × CP[m] × CP[a]. Let us apply our programme to Π˘|V ′ : V ′ → Π˘(V ′).
Similarly to the above Wi and WiC, applying the desingularisation theorem of Hironaka,
we can assume from the beginning that V ′, Dj and DjC, 1 ≤ j ≤ d, are nonsingular.
(Some new exceptional divisors may appear by the desingularisation, but we use the
same number d for simplicity.) As seen above, finiteness holds on semialgebraic triviality
for Π˘|W : W → Π˘(W ) after removing a semialgebraic subset R from K with dimR < b.
Namely, there is a finite subdivision of K \ R into Nash open simplices Qi’s such that
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Π˘|W : W → Π˘(W ) is semialgebraically trivial over each Qi. Since Assumption B is
satisfied for each Πi|V ′∩(D1∪···∪Dd) in Process IV, finiteness holds also on semialgebraic
triviality for Π˘|V ′ : V ′ → Π˘(V ′) after removing a thin semialgebraic subset R from K.
On the other hand, the stratifications of W and Π˘(W ) over each Qi are, by construction,
compatible with Rℓ×Rm×Qi and Rm×Qi, respectively. Thanks to the compatibility of the
above stratifications, finiteness holds also on semialgebraic triviality for Π|V ′ : V
′ →MV
after removing a thin semialgebraic subset R from K. Namely, finiteness holds on Blow-
semialgebraic triviality for MV over K \R. Thus we have shown the following:
Assertion. There exists a finite partition J = Q1 ∪ · · · ∪ Qu ∪ R such that R is a semi-
algebraic subset of J with dimR < dim J , and statements (1) and (2) in the proposition
hold for each Qi.
If dim f−1t (0) ≤ 2 or dim f
−1
t (0)∩ S(ft) ≤ 0 for any t ∈ R, then the proposition follows
immediately from Lemma 5.2. But in the case where dim f−1t (0) = 3 and dim f
−1
t (0) ∩
S(ft) ≥ 1 for some t ∈ R, we cannot apply the arguments above directly to the family
{ft : N → Rk}t∈R, since R may not be an algebraic set in Ra. Then we take the Zariski
closure R of R in Ra. Taking a finite subdivision of each Qi \R into Nash open simplices
Qij ’s if necessary, valid is the statement of the assertion replaced Qi’s and R with Qij ’s
and R, respectively. Therefore in the assertion above, we may assume that R is a thin
algebraic subset of J . Since dimR < dim J , we can show the proposition by induction on
the dimension of the parameter algebraic set.
This completes the proof of the proposition.
Remark 5.11. In the proof of Proposition 5.1, we have a partition of J
J = (J \K) ∪Q1 ∪ · · · ∪Qu ∪ R
which satisfies the following conditions:
(1) Finiteness holds on Nash triviality for F−1
J\K(0).
(2) For each j, MVj = MF
−1
Qj
(0) admits a Πj-Blow-semialgebraic trivialisation along
Qj. Here Mj = (q ◦ Π)−1(Qj), and Πj is the restriction of Π to Mj .
(3) dimQj = dimK, 1 ≤ j ≤ u, and dimR < dimK.
Given a semialgebraic subset L of MV which is ≤ 1-dimensional over J . Let Lj =
L ∩ q−1(Qj) for 1 ≤ j ≤ u. Taking finite subdivisions of Qj ’s and removing a bigger R if
necessary, we may assume the following:
(1) Lj is 1-dimensional and semialgebraically trivial over Qj for 1 ≤ j ≤ s.
(2) Lj is 0-dimensional and semialgebraically trivial over Qj for s + 1 ≤ j ≤ v.
(3) Lj is empty over Qj for v + 1 ≤ j ≤ u.
Consider the Zariski closure L of L in Rm × Ra, the associated algebraic set S of L in
RP[m]×RP[a] and the complexification SC ⊂ CP[m]×CP[a] of S. Then each SC∩YiC, 1 ≤ i ≤
d, is generically of relative dimension ≤ 1 over KiC. Therefore, using a similar argument
to the proof of the proposition above, we can show that each Lj is semialgebraically
trivialised by the induced semialgebraic triviality ofMVj from the Πj-Blow-semialgebraic
triviality, after taking finite subdivisions of Qj ’s and removing a bigger R if necessary.
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Next let Lj be a semialgebraic subset of MVj appearing dependently on MVj which
is semialgebraically trivial and 0-dimensional or 1-dimensional over Qj . Considering the
Zariski closure of Lj , the associated algebraic set and its complexification also in this case,
we can show that Lj is semialgebraically trivialised by the induced semialgebraic triviality
of MVj from the Πj-Blow-semialgebraic triviality, after taking a finite subdivision of Qj
and removing also a thin semialgebraic subset Rj of Qj if necessary. Since we take the
Zariski closure of Lj , it may affect another MVk, k 6= j. But, when we consider Πk-Blow-
semialgebraic trivialities for k 6= j, we need not take the affection into consideration.
The latter fact takes a very important role in the proof of our main theorem given in
the next section.
6. Proof of the main theorem.
Given an algebraic set V ⊂ Rm, we denote by V (1) the Zariski closure of V \MV . Then
it is easy to see the following properties on V (1):
Property 1. V \MV = V (1) \MV .
Property 2. dim(V (1) \MV ) = dim V (1) ≥ dim(V (1) ∩MV ).
Let N be a nonsingular algebraic variety, and let Q ⊂ Rm be a (connected) Nash
manifold. Let F : N × Q → Rk be a polynomial mapping, and let q : N × Q → Q be
the canonical projection. Set V = F−1(0). Let Q = Q1 ∪ · · · ∪ Qw be a finite partition
of Q into Nash open simplices, and let Vj = V ∩ q
−1(Qj) and V
(1)
j = V
(1) ∩ q−1(Qj) for
1 ≤ j ≤ w. We assume that V is semialgebraically trivial over Q. Under this assumption,
we have
Lemma 6.1. Let W
(1)
j be the Zariski closure of Vj \MVj in N ×Qj for 1 ≤ j ≤ w. Then
we have
V
(1)
j ⊃W
(1)
j and W
(1)
j \MVj = V
(1)
j \MVj for 1 ≤ j ≤ w.
In addition, if dimQj = dimQ, then dimV
(1)
j = dimW
(1)
j . It follows that if dimQj =
dimQ, then dimVj > dimV
(1)
j .
Proof. By definition, it is obvious that V
(1)
j ⊃W
(1)
j for 1 ≤ j ≤ w. By Property 1,
W
(1)
j \MVj = Vj \MVj ⊃ V
(1)
j \MVj ⊃W
(1)
j \MVj .
It follows that W
(1)
j \MVj = V
(1)
j \MVj for 1 ≤ j ≤ w.
By assumption, V \MV is semialgebraically trivial over Q. Let V[t] = V ∩ q
−1(t) for
t ∈ Q. Then dim(V[t]\MV[t]) is constant over Q. Put dimQ = a and dim(V[t] \MV[t]) = b.
Since V (1) is the Zariski closure of V \MV , we have
dimV (1) = dim(V \MV ) = a+ b.
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Suppose that dimQj = dimQ. Then we have
dimW
(1)
j = dim(Vj \MVj) = a + b.
On the other hand, dim(Vj \MVj) ≤ dimV
(1)
j ≤ dimV
(1). Thus dimV
(1)
j = a + b. It
follows that dimV
(1)
j = dimW
(1)
j . 
Let us recall our main theorem. Let N be an affine nonsingular algebraic variety in Rm,
and let J be an algebraic set in Ra. Let ft : N → Rk (t ∈ J) be a polynomial mapping
such that dim f−1t (0) ≤ 3 for t ∈ J . Assume that F is a polynomial mapping. Then we
have the following:
Main Theorem. There exists a finite partition J = Q1 ∪ · · · ∪ Qu which satisfies the
following conditions:
(1) Each Qi is a Nash open simplex, and dim f
−1
t (0) and dim f
−1
t (0)∩S(ft) are constant
over Qi.
(2) For each i where dim f−1t (0) = 3 and dim f
−1
t (0)∩S(ft) ≥ 1 over Qi, F
−1
Qi
(0) admits
a Blow-semialgebraic trivialisation consistent with a compatible filtration along Qi.
In the case where dim f−1t (0) ≤ 2 over Qi or dim f
−1
t (0) ∩ S(ft) ≤ 0 over Qi, (N ×
Qi, F
−1
Qi
(0)) admits a trivialisation listed in table (*).
Proof. Let us show our main theorem using the results given in table (*) with Proposition
5.1 instead of Main result. Note that the finiteness theorem in Proposition 5.1 holds in the
algebraic parameter case, but the others in table (*) hold in the semialgebraic parameter
case. We sometimes use the above results without referring in this proof.
By Proposition 5.1, there is a finite partition J = Q1 ∪ · · · ∪Qr ∪Qr+1 ∪ · · · ∩Qv which
satisfies the following:
(1) Each Qi is a Nash open simplex, and dim f
−1
t (0) and dim f
−1
t (0)∩S(ft) are constant
over Qi. In addition, each F
−1
Qi
(0) is semialgebraically trivial over Qi.
(2) For 1 ≤ i ≤ r, dim f−1t (0) = 3 and dim f
−1
t (0) ∩ S(ft) ≥ 1 over Qi. In this case,
there is a Nash simultaneous resolution Πi :Mi → N ×Qi of F
−1
Qi
(0) in N ×Qi such that
MF−1Qi (0) admits a Πi-Blow-semialgebraic trivialisation along Qi.
(3) For r + 1 ≤ i ≤ v, dim f−1t (0) ≤ 2 over Qi or dim f
−1
t (0) ∩ S(ft) ≤ 0 over Qi. In
this case, (N ×Qi, F
−1
Qi
(0)) admits a trivialisation listed in table (*).
Therefore it suffices to show the first half part of statement (2) in the main theorem.
Let Vi = F
−1
Qi
(0), and let V
(1)
i be the Zariski closure of Vi \MVi in N ×Qi for 1 ≤ i ≤ r.
By Property 1, each V
(1)
i \MVi is semialgebraically trivial over Qi. Let q : N × J → J
be the canonical projection as above.
We first consider the case where V
(1)
i ∩MVi = ∅. Then there are 4 possibilities for the
dimension of V
(1)
i \MVi = V
(1)
i . Therefore we subdivide the first case into the following
4 cases:
(I;-1) Vi =MVi (then V
(1)
i = ∅).
(I;0) dim(V
(1)
i \MVi) = dimQi.
(I;1) dim(V
(1)
i \MVi) = dimQi + 1.
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(I;2) dim(V
(1)
i \MVi) = dimQi + 2.
Case (I;-1): Vi already admits a Blow-semialgebraic trivialisation consistent with the
trivial filtration {Vi} along Qi.
Case (I;0): There is a finite partition Qi = Qi,1∪ · · ·∪Qi,w(i) which satisfies the following:
(I;0:1) Each Qi,j is a Nash open simplex.
(I;0:2) For each j, V
(1)
i ∩ q
−1(Qi,j) is Nash diffeomorphic to the direct product of some
finite points in V
(1)
i ∩ q
−1(t), t ∈ Qi,j , and Qi,j.
Let Vi,j = V
(0)
i,j = Vi ∩ q
−1(Qi,j) and V
(1)
i,j = V
(1)
i ∩ q
−1(Qi,j) for 1 ≤ j ≤ w(i). Then
each Vi,j admits a Blow-semialgebraic trivialisation consistent with the canonical filtration
{V (0)i,j ⊃ V
(1)
i,j } along Qi,j .
Case (I;1): There is a finite partition Qi = Qi,1∪ · · ·∪Qi,w(i) which satisfies the following:
(I;1:1) Each Qi,j is a Nash open simplex.
(I;1:2) For each j, there is a Nash simultaneous resolution βi,j : Mi,j → N × Qi,j of
V
(1)
i ∩ q
−1(Qi,j) in N ×Qi,j such that (N ×Qi,j, V
(1)
i ∩ q
−1(Qi,j)) admits a βi,j-Blow-Nash
trivialisation along Qi,j.
Let Vi,j = V
(0)
i,j and V
(1)
i.j be the same as above. If V
(1)
i,j = MV
(1)
i,j , then Vi,j admits a
Blow-semialgebraic trivialisation consistent with the canonical filtration {V (0)i,j ⊃ V
(1)
i,j }
along Qi,j.
In the case where V
(1)
i,j 6= MV
(1)
i,j , let V
(2)
i,j be the Zariski closure of V
(1)
i,j \MV
(1)
i,j . Then
there is a finite partition Qi,j = Qi,j,1 ∪ · · · ∪Qi,j,a(i,j) ∪ Q˘i,j which satisfies the following:
(I;1:3) Each Qi,j,k is a Nash open simplex of dimQi,j .
(I;1:4) Q˘i,j is a semialgebraic subset of Qi,j of dimension less than dimQi,j .
(I;1:5) For each k, V
(2)
i,j ∩q
−1(Qi,j,k) is Nash diffeomorphic to the direct product of some
finite points in V
(2)
i,j ∩ q
−1(t), t ∈ Qi,j,k, and Qi,j,k.
Let Vi,j,k = V
(0)
i,j,k = Vi,j ∩ q
−1(Qi,j,k), V
(1)
i,j,k = V
(1)
i,j ∩ q
−1(Qi,j,k), V
(2)
i,j,k = V
(2)
i,j ∩ q
−1(Qi,j,k),
and let W
(2)
i,j,k be the Zariski closure of V
(1)
i,j,k \MV
(1)
i,j,k in N ×Qi,j,k for 1 ≤ k ≤ a(i, j). By
Lemma 6.1 we have dimV
(2)
i,j,k = dimW
(2)
i,j,k < dimV
(1)
i.j.k for 1 ≤ k ≤ a(i, j), and we see that
the filtration {V (0)i,j,k ⊃ V
(1)
i,j,k ⊃ V
(2)
i,j,k} is a compatible one of Vi,j,k for each k. Therefore each
Vi,j,k admits a Blow-semialgebraic trivialisation consistent with a compatible filtration
{V (0)i,j,k ⊃ V
(1)
i,j,k ⊃ V
(2)
i,j,k} along Qi,j,k.
In the latter case, finiteness holds on Blow-semialgebraic triviality consistent with a
compatible filtration for a family of zero-sets over Qi,j except the thin semialgebraic
subset Q˘i,j of Qi,j . We take a finite partition Q˘i,j = Q˘i,j,1 ∪ · · · ∪ Q˘i,j,b(i,j) such that each
Q˘i,j,k is a Nash open simplex, and denote by Πi : M˘i,j,k → N × Q˘i,j,k the restriction
of Πi to Π
−1
i (N × Q˘i,j,k) for 1 ≤ k ≤ b(i, j). Then each MF
−1
Q˘i,j,k
(0) admits a Πi-Blow-
semialgebraic trivialisation along Q˘i,j,k. Therefore we can reduce our finiteness problem
to the case of the lower dimensional parameter space in this case.
Remark 6.2. InMV
(1)
i,j,k, the Nash trivialisation of V
(2)
i,j,k may not coincide with the semialge-
braic trivialisation induced by the Blow-Nash trivialisation related to βi,j. But this is not
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a problem for our definition of Blow-semialgebraic triviality consistent with a compatible
filtration.
Case (I;2): There is a finite partition Qi = Qi,1∪ · · ·∪Qi,w(i) which satisfies the following:
(I;2:1) Each Qi,j is a Nash open simplex.
(I;2:2) For each j, there is a Nash simultaneous resolution βi,j : Mi,j → N × Qi,j of
V
(1)
i ∩ q
−1(Qi,j) in N × Qi,j such that (N × Qi,j, V
(1)
i ∩ q
−1(Qi,j)) admits a βi,j-Blow-
semialgebraic trivialisation along Qi,j .
Remark 6.3. The above βi,j-Blow-semialgebraic triviality of (N × Qi,j , V
(1)
i ∩ q
−1(Qi,j))
over Qi,j is given as an extension of the semialgebraic triviality of a stratified mapping
βi,j|Di,j : Di,j → βi,j(Di,j) over Qi,j , where Di,j is the exceptional set of βi,j. The latter
semialgebraic triviality follows from the semialgebraic version of Thom’s 2nd Isotopy
Lemma with certain weak assumptions (cf. Remark 3.4). Therefore, for a semialgebraic
subset A ⊂ βi,j(Di,j), taking finite substratifications S(Di,j) and S(βi,j(Di,j)) if necessary,
there is a finite partition Qi,j = Qi,j,1 ∪ · · · ∪Qi,j,a(i,j) which satisfies the following:
(1) Each Qi,j,k is a Nash open simplex.
(2) The stratified mappings βi,j|Di,j∩(q◦βi,j)−1(Qi,j,k) : Di,j∩(q◦βi,j)
−1(Qi,j,k)→ βi,j(Di,j)∩
q−1(Qi,j,k) and q : βi,j(Di,j)∩ q
−1(Qi,j,k)→ Qi,j,k satisfy the conditions of the 2nd Isotopy
Lemma, and the stratification S(βi,j(Di,j)∩ q−1(Qi,j,k)) is compatible with A∩ q−1(Qi,j,k)
for 1 ≤ k ≤ a(i, j).
Therefore, each (N ×Qi,j,k, V
(1)
i ∩ q
−1(Qi,j,k)) admits a βi,j-Blow-semialgebraic trivial-
isation along Qi,j,k, where this βi,j is the restriction of the original βi,j over Qi,j,k. The
induced semialgebraic triviality of N ×Qi,j,k trivialises also A ∩ q−1(Qi,j,k).
We keep the same notations Vi,j = V
(0)
i,j , V
(1)
i,j , V
(2)
i,j , Vi,j,k = V
(0)
i,j,k, V
(1)
i,j,k, V
(2)
i,j,k and W
(2)
i,j,k
as above.
If V
(1)
i,j = MV
(1)
i,j , then Vi,j admits a Blow-semialgebraic trivialisation consistent with
the canonical filtration {V (0)i,j ⊃ V
(1)
i,j } along Qi,j.
If V
(1)
i,j \ MV
(1)
i,j 6= ∅, then it is 0-dimensional or 1-dimensional over Qi,j . In the 0-
dimensional case, there is a finite partition Qi,j = Qi,j,1 ∪ · · · ∪ Qi,j,a(i,j) ∪ Q˘i,j which
satisfies the following:
(I;2:3) Each Qi,j,k is a Nash open simplex of dimQi,j .
(I;2:4) Q˘i,j is a semialgebraic subset of Qi,j of dimension less than dimQi,j .
(I;2:5) Each V
(2)
i,j,k is Nash diffeomorphic to the direct product of some finite points in
V
(2)
i,j ∩ q
−1(t), t ∈ Qi,j,k, and Qi,j,k.
Similarly to Case (I;1), we see that each Vi,j,k admits a Blow-semialgebraic trivialisation
consistent with a compatible filtration along Qi,j,k.
In the case where V
(1)
i,j \MV
(1)
i,j is 1-dimensional overQi,j and L
(1)
i,j =MV
(1)
i,j ∩V
(1)
i,j \MV
(1)
i,j
is non-empty, L
(1)
i,j is a semialgebraic subset ofMV
(1)
i,j which is 0-dimensional and semialge-
braically trivial over Qi,j . Thanks to the desingularisation construction by Hironaka, L
(1)
i,j
must be contained in βi,j(Di,j). Taking this fact and Remark 6.3 into consideration, we
can take a finite partition Qi,j = Qi,j,1 ∪ · · · ∪Qi,j,a(i,j) ∪ Q˘i,j which satisfies the following:
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(I;2:6) Each Qi,j,k is a Nash open simplex of dimQi,j .
(I;2:7) Q˘i,j is a semialgebraic subset of Qi,j of dimension less than dimQi,j .
(I;2:8) For 1 ≤ k ≤ a(i, j), (N × Qi,j,k, V
(1)
i,j,k) admits a βi,j-Blow-semialgebraic triviali-
sation along Qi,j,k.
(I;2:9) For 1 ≤ k ≤ a(i, j), there is a Nash simultaneous resolution γi,j,k : Mi,j,k →
N × Qi,j,k of V
(2)
i,j,k in N × Qi,j,k such that (N × Qi,j,k, V
(2)
i,j,k) admits a γi,j,k-Blow-Nash
trivialisation along Qi,j,k.
(I;2:10) If L
(1)
i,j 6= ∅, then over L
(1)
i,j ∩ q
−1(Qi,j,k), the semialgebraic trivialisation of
V
(1)
i,j,k induced by the βi,j-Blow-semialgebraic trivialisation in (I;2:8) coincides with the
semialgebraic one of V
(2)
i,j,k induced by the γi,j,k-Blow-Nash trivialisation in (I;2:9).
By construction and Lemma 6.1 we have dimV
(0)
i,j,k > dim V
(1)
i,j,k > dimV
(2)
i,j,k for 1 ≤
k ≤ a(i, j). Therefore, in the case where Vi,j \ MVi,j is 1-dimensional over Qi,j and
V
(2)
i,j,k = MV
(2)
i,j,k, we see that Vi,j,k admits a Blow-semialgebraic trivialisation consistent
with a compatible filtration {V (0)i,j,k ⊃ V
(1)
i,j,k ⊃ V
(2)
i,j,k} along Qi,j,k.
It remains to consider the case where Vi,j \MVi,j is 1-dimensional over Qi,j and V
(2)
i,j,k 6=
MV
(2)
i,j,k. Let V
(3)
i,j,k denote the Zariski closure of V
(2)
i,j,k \MV
(2)
i,j,k in N ×Qi,j,k. Then there is
a finite partition Qi,j,k = Qi,j,k,1 ∪ · · · ∪Qi,j,k,c(i,j,k) ∪ Q˘i,j,k which satisfies the following:
(I;2:11) Each Qi,j,k,s is a Nash open simplex of dimQi,j,k.
(I;2:12) Q˘i,j,k is a semialgebraic subset of Qi,j,k of dimension less than dimQi,j,k.
(I;2:13) Each V
(3)
i,j,k,s is Nash diffeomorphic to the direct product of some finite points in
V
(3)
i,j,k ∩ q
−1(t), t ∈ Qi,j,k,s, and Qi,j,k,s.
Let
Vi,j,k,s = V
(0)
i,j,k,s = Vi,j,k ∩ q
−1(Qi,j,k,s), V
(1)
i,j,k,s = V
(1)
i,j,k ∩ q
−1(Qi,j,k,s),
V
(2)
i,j,k,s = V
(2)
i,j,k ∩ q
−1(Qi,j,k,s), V
(3)
i,j,k,s = V
(3)
i,j,k ∩ q
−1(Qi,j,k,s).
Then it follows from the construction that dimV
(0)
i,j,k,s > dimV
(1)
i,j,k,s > dimV
(2)
i,j,k,s >
dimV
(3)
i,j,k,s for 1 ≤ s ≤ c(i, j, k). Therefore each Vi,j,k,s admits a Blow-semialgebraic
trivialisation consistent with a compatible filtration {V (0)i,j,k,s ⊃ V
(1)
i,j,k,s ⊃ V
(2)
i,j,k,s ⊃ V
(3)
i,j,k,s}
along Qi,j,k,s.
We next consider the case where V
(1)
i ∩MVi 6= ∅. Then there are 3 possibilities for
the dimension of V
(1)
i \MVi. Therefore we subdivide the second case into the following 3
cases:
(II;0) dim(V
(1)
i \MVi) = dimQi.
(II;1) dim(V
(1)
i \MVi) = dimQi + 1.
(II;2) dim(V
(1)
i \MVi) = dimQi + 2.
Let us keep the same notations Vi,j = V
(0)
i,j , V
(1)
i,j , V
(2)
i,j , L
(1)
i,j , Vi,j,k = V
(0)
i,j,k, V
(1)
i,j,k, V
(2)
i,j,k,
V
(3)
i,j,k, Vi,j,k,s = V
(0)
i,j,k,s, V
(1)
i,j,k,s, V
(2)
i,j,k,s and V
(3)
i,j,k,s as above.
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Case (II;0): There is a finite partition Qi = Qi,1 ∪ · · · ∪ Qi,w(i) ∪ Q˘i which satisfies the
following:
(II;0:1) Each Qi,j is a Nash open simplex of dimQi.
(II;0:2) Q˘i is a semialgebraic subset of Qi of dimension less than dimQi.
(II;0:3) For each j, V
(1)
i ∩ q
−1(Qi,j) is Nash diffeomorphic to the direct product of some
finite points in V
(1)
i ∩ q
−1(t), t ∈ Qi,j , and Qi,j.
Therefore we see that each Vi,j admits a Blow-semialgebraic trivialisation consistent
with a compatible filtration {V (0)i,j ⊃ V
(1)
i,j } along Qi,j.
Case (II;1): Let L
(0)
i = MVi ∩ Vi \MVi. Then it is non-empty, and is a semialgebraic
subset of MVi which is 0-dimensional and semialgebraically trivial over Qi. Therefore it
follows from Remark 5.11 that there is a finite partition Qi = Qi,1∪· · ·∪Qi,w(i)∪Q˘i which
satisfies the following:
(II;1:1) Each Qi,j is a Nash open simplex of dimQi.
(II;1:2) Q˘i is a semialgebraic subset of Qi of dimension less than dimQi.
(II;1:3) For each j, there is a Nash simultaneous resolution βi,j : Mi,j → N × Qi,j of
V
(1)
i,j in N × Qi,j such that (N × Qi,j, V
(1)
i,j ) admits a βi,j-Blow-Nash trivialisation along
Qi,j.
(II;1:4) Over L
(0)
i ∩ q
−1(Qi,j), the semialgebraic trivialisation of V
(0)
i induced by the Πi-
Blow-semialgebraic trivialisation of MV
(0)
i coincides with the semialgebraic one of V
(1)
i,j
induced by the βi,j-Blow-Nash trivialisation in (II;1:3).
In the case where V
(1)
i,j =MV
(1)
i,j , Vi,j admits a Blow-semialgebraic trivialisation consis-
tent with a compatible filtration {V (0)i,j ⊃ V
(1)
i,j } along Qi,j .
In the case where V
(1)
i,j 6=MV
(1)
i,j , there is a finite partition Qi,j = Qi,j,1∪· · ·∪Qi,j,a(i,j)∪
Q˘i,j which satisfies the following:
(II;1:5) Each Qi,j,k is a Nash open simplex of dimQi,j .
(II;1:6) Q˘i,j is a semialgebraic subset of Qi,j of dimension less than dimQi,j.
(II;1:7) For each k, V
(2)
i,j ∩ q
−1(Qi,j,k) is Nash diffeomorphic to the direct product of
some finite points in V
(2)
i,j ∩ q
−1(t), t ∈ Qi,j,k, and Qi,j,k.
Similarly to case (I;1), we can see that each Vi,j,k admits a Blow-semialgebraic triviali-
sation consistent with a compatible filtration {V (0)i,j,k ⊃ V
(1)
i,j,k ⊃ V
(2)
i,j,k} along Qi,j,k.
Case (II;2): Let L
(0)
i be the same as above. Then it is a semialgebraic subset ofMVi which
is 0- or 1-dimensional and semialgebraically trivial over Qi. Similarly to case (II;1), there
is a finite partition Qi = Qi,1 ∪ · · · ∪ Qi,w(i) ∪ Q˘i which satisfies the same conditions as
(II;1:1) - (II;1:4), replacing the βi,j-Blow-Nash trivialisation in (II;1:3) with a βi,j-Blow-
semialgebraic trivialisation.
If V
(1)
i,j =MV
(1)
i,j , then Vi,j admits a Blow-semialgebraic trivialisation consistent with a
compatible filtration {V (0)i,j ⊃ V
(1)
i,j } along Qi,j.
If V
(1)
i,j \ MV
(1)
i,j 6= ∅, then it is 0-dimensional or 1-dimensional over Qi,j . In the 0-
dimensional case, there is a finite partition Qi,j = Qi,j,1 ∪ · · · ∪ Qi,j,a(i,j) ∪ Q˘i,j which
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satisfies the same conditions as (I;2:3) - (I;2:5). Therefore each Vi,j,k admits a Blow-
semialgebraic trivialisation consistent with a compatible filtration {V (0)i,j,k ⊃ V
(1)
i,j,k ⊃ V
(2)
i,j,k}
along Qi,j,k.
We last consider the case where V
(1)
i,j \MV
(1)
i,j is 1-dimensional over Qi,j. If L
(1)
i,j 6= ∅,
it is a semialgebraic subset of MV
(1)
i,j which is 0-dimensional and semialgebraically trivial
over Qi,j. Using a similar argument to Cases (I;2) based on Remarks 6.3, we can take a
finite partition Qi,j = Qi,j,1 ∪ · · · ∪ Qi,j,a(i,j) ∪ Q˘i,j which satisfies the same conditions as
(I;2:6) - (I;2:10). In addition, we can assume also the following:
(II;2:1) Over L
(0)
i ∩q
−1(Qi,j,k), the semialgebraic trivialisation of V
(0)
i,j.k induced by the Πi-
Blow-semialgebraic trivialisation of MV
(0)
i,j,k coincides with the semialgebraic one of V
(1)
i,j,k
induced by the βi,j-Blow-semialgebraic trivialisation given in the condition corresponding
to (II;1:3).
Similarly to Case (I;2), in the case where Vi,j \MVi,j is 1-dimensional over Qi,j and
V
(2)
i,j,k = MV
(2)
i,j,k, we see that Vi,j,k admits a Blow-semialgebraic trivialisation consistent
with a compatible filtration {V (0)i,j,k ⊃ V
(1)
i,j,k ⊃ V
(2)
i,j,k} along Qi,j,k.
In the case where Vi,j \ MVi,j is 1-dimensional over Qi,j and V
(2)
i,j,k 6= MV
(2)
i,j,k, there
is a finite partition Qi,j,k = Qi,j,k,1 ∪ · · · ∪ Qi,j,k,c(i,j,k) ∪ Q˘i,j,k which satisfies the same
conditions as (I;2:11) - (I;2:13). Therefore, similarly to Case (I;2), we can see that each
Vi,j,k,s admits a Blow-semialgebraic trivialisation consistent with a compatible filtration
{V (0)i,j,k,s ⊃ V
(1)
i,j,k,s ⊃ V
(2)
i,j,k,s ⊃ V
(3)
i,j,k,s} along Qi,j,k,s.
In any case, removing a lower dimensional semialgebraic subset from the original pa-
rameter space Qi, r + 1 ≤ i ≤ v, if necessary, we proved that finiteness property holds
on a Blow-semialgebraic triviality consistent with a compatible filtration for a family of
3-dimensional algebraic sets. Let T1 = Qr+1∪· · ·∪Qv. The union of all the removed semi-
algebraic subsets is a lower dimensional semialgebraic subset of J . We take the Zariski
closure J1 of the union. Taking a finite subdivision if necessary, the same finiteness prop-
erty as above still holds outside J1 in any case. We apply Proposition 5.1 to the family
{f−1t (0)}t∈J1 similarly to the beginning of this proof. Then we ignore the finiteness prop-
erty over J1 \ T1. Because we need not treat again the finiteness over J \ T1. In this way
we can deduce the problem to the lower dimensional case. Therefore we can finish the
proof of the Main Theorem by induction on the dimension of the parameter space. 
7. Finiteness for 3-dimensional Nash sets.
In this section we give a finiteness theorem on Blow-semialgebraic triviality consistent
with a Nash compatible filtration for a family of 3-dimensional Nash sets. In order to
show the finiteness theorem for a family of the main parts of 3-dimensional algebraic sets,
we considered the comlexification in §5. Therefore the finiteness theorem corresponding
to Process VII holds only for a family of 3-dimensional algebraic sets defined over a
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nonsingular algebraic variety. As a result, we have to modify Process VIII. We describe
the proof using a different method.
We first recall the Artin-Mazur Theorem (M. Artin and B. Mazur [2], M. Coste, J.M.
Ruiz and M. Shiota [9], M. Shiota [34]) for a family of Nash mappings.
Theorem 7.1. (Artin-Mazur Theorem). Let P ⊂ Rp and T ⊂ Rq be nonsingular algebraic
varieties, and let g : P × T → Rk be a Nash mapping. Then there exits a Nash mapping
h : P × T → Rb with the following property:
Let τ : P × T × Rk × Rb → P × T and π : P × T × Rk × Rb → Rk be the canonical
projections, let G = (g, h) : P × T → Rk × Rb be the Nash mapping defined by G(x, t) =
(g(x, t), h(x, t)), and let X be the Zariski closure of graph G. Then there is a union L of
some connected components of X with dimL = dimX such that τ |L : L → P × T is a
t-level preserving Nash diffeomorphism and (π|L) ◦ (τ |L)−1 = g.
Remark 7.2. In the Artin-Mazur theorem above, L is contained in the smooth part of the
algebraic set X , denoted by Reg(X).
LetN be a Nash manifold in Rm, and let J be a semialgebraic set in Ra. Let ft : N → Rk
(t ∈ J) be a Nash mapping such that dim f−1t (0) ≤ 3 for t ∈ J . Assume that F is a Nash
mapping. Then we have
Theorem V. There exists a finite partition J = Q1∪· · ·∪Qu which satisfies the following
conditions:
(1) Each Qi is a Nash open simplex.
(2) For each i where dim f−1t (0) ≤ 3 and dim f
−1
t (0) ∩ S(ft) ≥ 1 over Qi, there are a
nonsingular algebraic variety Nˆi and a t-level preserving Nash embedding αi : N × Qi →
Nˆi×Qi such that αi(F
−1
Qi
(0)) admits a Blow-semialgebraic trivialisation consistent with a
Nash compatible filtration along Qi.
In the case where dim f−1t (0) ≤ 2 over Qi or dim f
−1
t (0) ∩ S(ft) ≤ 0 over Qi, (N ×
Qi, F
−1
Qi
(0)) admits a trivialisation listed in table (*).
Proof. Note that Lemma 5.2 holds also for a family of Nash mappings F . By Process I
in §3, it suffices to consider the case where dim f−1t (0) = 3 and dim f
−1
t (0)∩S(ft) ≥ 1 for
any t ∈ J . Under this assumption, we have the following lemma:
Lemma 7.3. There exists a finite partition J = Q1∪· · ·∪Qu which satisfies the following
conditions:
(1) Each Qi is a Nash open simplex.
(2) For each i, there are a nonsingular algebraic variety Nˆi, a t-level preserving Nash
embedding αi : N × Qi → Nˆi × Qi and a Nash simultaneous resolution Πˆi : Mˆi →
Nˆi×Qi of αi(F
−1
Qi
(0)) in Nˆi×Qi such that αi(MF
−1
Qi
(0)) admits a Πˆi-Blow-semialgebraic
trivialisation along Qi.
Proof. By Theorem 1.2, there is a partition of J into finite Nash manifolds Qi, i = 1, · · · , e,
such that each Qi is Nash diffeomorphic to an open simplex in some Euclidean space. As
stated in Process VIII, every Nash manifold is Nash diffeomorphic to a nonsingular (affine)
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algebraic variety. Therefore we may assume that N and Qi, 1 ≤ i ≤ e, are nonsingular
algebraic varieties. Let N ⊂ Rm.
We apply the Artin-Mazur Theorem to each Nash mapping FQi : N × Qi → R
k,
i = 1, · · · , e. Then there are an algebraic variety Xi ⊂ N × R
k × Rbi ×Qi, a union Li of
some connected components of Xi with dimLi = dimXi and Li ⊂ Reg(Xi), and a t-level
preserving Nash diffeomorphism τi : Li → N × Qi such that (π|Li) ◦ τ
−1
i = FQi , where
π : N ×Rk ×Rbi ×Qi → Rk is the canonical projection. Let Nˆi = N × Rk × Rbi, and let
Zi be the Zariski closure of Wi = Li ∩ π−1(0) in Nˆi ×Qi. Then Zi is an algebraic subset
of Xi ∩ π
−1(0). Note that Wi is the union of connected components of Zi contained in
Li. Next let βi : Nˆi ×Qi → Qi be the canonical projection. By the proof of Proposition
5.1, we see that there is a finite partition of Qi = Qi,1 ∪ · · · ∪ Qi,u(i) which satisfies the
following:
(1) Each Qi,j is a Nash open simplex.
(2) For each j, there is a Nash simultaneous resolution Πi,j : Mi,j → Nˆi × Qi,j of
Zi,j = Zi ∩ β
−1
i (Qi,j) in Nˆi × Qi,j such that MZi,j admits a Πi,j-Blow semialgebraic
trivialisation along Qi,j.
For 1 ≤ j ≤ u(i), letWi,j = Wi∩β
−1
i (Qi.j). SinceWi = Zi∩Li andMWi,j =MZi,j∩Wi,j
for 1 ≤ j ≤ u(i), each Πi,j-Blow-semialgebraic trivialisation of MZi,j induces a Blow-
semialgebraic trivialisation of MWi,j along Qi,j . Note that MWi,j = τ
−1
i (MF
−1
Qi,j
(0)).
Therefore the statement of the lemma follows. 
Thanks to Hironaka [17, 19] and Bierstone-Milman [6, 7, 8], the desingularisation the-
orem holds also in the Nash category. In addition, a Nash compatible filtration of a Nash
set is preserved by a Nash diffeomorphism. Therefore Theorem IV follows from a similar
argument to the proof of Main Theorem with Lemma 7.3. 
8. Finiteness on semialgebraic types of polynomial maps over R2.
Let K = R or C. We denote by P d
K
(n, p) the set of polynomial mappings from Kn to
Kp of degree ≤ d. We say that two polynomial functions f , g : Kn → K are topologically
equivalent, if there is a homeomorphism σ : Kn → Kn such that f = g ◦ σ. In the real
case, if we can take the σ as a semialgebraic homeomorphism, we say that f and g are
semialgebraically equivalent. We say that two polynomial mappings f , g : Kn → Kp,
p ≥ 2, are topologically equivalent, if there are homeomorphisms σ : Kn → Kn and
τ : Kp → Kp such that τ ◦ f = g ◦ σ. Similarly to the function case, we say that real
polynomial mappings f and g are semialgebraically equivalent in the case where σ and τ
are semialgebraic homeomorphisms.
We review the results on finiteness of topological or semialgebraic types of polynomial
functions or mappings. Concerning the topological types of polynomial functions, a finite-
ness theorem is shown by T. Fukuda. He proves in [11] that the number of topological
types appearing in P d
K
(n, 1) for K = R or C is finite. The real result is strengthened by R.
Benedetti and M. Shiota [5]. They give a finiteness theorem on semialgebraic equivalence.
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On the other hand, some finiteness theorems on topological equivalence are also known
for polynomial mappings of two variables. K. Aoki [1], for instance, proves a finiteness
theorem for plane-to-plane mappings in P d
K
(2, 2) for K = R or C. Aoki’s result in the
complex case is generalised by C. Sabbah [31] to a finiteness theorem for polynomial
mappings in P d
C
(2, p). But finiteness does not hold in general for polynomial mappings of
more than 2 variables. As mentioned in §4, I. Nakai [30] constructs a polynomial family
of polynomial mappings of at least 3 variables in which topological moduli appear.
In this section we make a remark on finiteness for real polynomial mappings of two
variables. Using the arguments discussed in §5, we can show the following result more
easily than Proposition 5.1.
Theorem VI. The number of semialgebraic types appearing in P d
R
(2, p) is finite.
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